QUASI-HOPF ALGEBRAS ASSOCIATED WITH SEMISIMPLE 
LIE ALGEBRAS AND COMPLEX CURVES 



B. ENRIQUEZ 

Abstract. We construct quasi-Hopf algebras associated with a semisimple 
Lie algebra, a complex curve and a rational differential. This generalizes our 



previous joint work with V. Rubtsov (Israel J. Math. (1999) and q-alg/9608005) 



1. Introduction 

1.1. In this paper, we construct quasi-Hopf algebras associated with the data 
of a semisimple Lie algebra a and the triple (C,u,S) of a complex curve C, a 
rational differential to and a finite set S of points of C, containing all zeroes and 
poles of uj. 

These quasi-Hopf algebras are quantizations of a Manin pair associated to 
(a, C, S, uj). Recall that a Manin pair is a triple (u, ( , ) u , t>) formed by a Lie 
algebra u, a nondegenerate invariant pairing ( , ) u on u, and a Lagrangian (i.e., 
maximal isotropic) subalgebra of u. The Manin pair associated with (a, C, S, uj) 
is (g, ( , ) g , g out ), where g is a double extension of o®/C, K = Q) s <=sfc-s is the direct 
sum of the local fields of C at the points of S, ( , ) g is constructed using uj, and 
g out is an extension of a <8> R, where R is the ring of regular functions on C — S. 
The nonextended versions of these Manin pairs are all the untwisted Manin pairs 
introduced by Drinfeld in [|J. 

To construct these quasi-Hopf algebras, we follow the strategy we used in 
in the case a = s^. We first construct Manin triples (g,g+,g_) and (g,g + ,g_). 
After we construct the suitable Serre relations, we define Hopf algebras (UnQ, A) 
and (UhQ, A) associated to these triples. When C = CP 1 and uj = dz or — , the 
defining relations of U^g coincide with the "new realizations" presentation of the 
double Yangians and of the quantum affine algebras. We then show that (U^g, A) 
and (Ung,A) are quantizations of (g,g + ,g_) and (g,g + ,g_). For this, we show 
the Poincare-Birkhoff-Witt (PBW) result for U^g by comparing its positive part 
UnLx\, + with an analogue of the Feigin-Odesskii algebras and by using Lie bialgebra 
duality argument (see |4[]). We then construct an element F in a completion of 
Ung® 2 , conjugating the coproducts A and A. We also construct a subalgebra 
U}%g out of Ufig, which is a flat deformation the enveloping algebra Ug out . We 
show that U}%g out is a left coideal of U^g for A, and a right coideal for A. We 
express F as a product F 2 Fi, with F\ (resp., F 2 ) in completions of U^g ® Ung out 
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(resp., UfrQ out ®UtiQ). We show that FiAF-f 1 defines a quasi-triangular quasi-Hopf 
algebra structure on U%g, for which UnQ out is a sub-quasi-Hopf algebra. This pair 
(UftQ, UfrQ out ) of quasi-Hopf algebras is the solution to our quantization problem. 

Here are the new ingredients of this paper with respect to |§ . The construction 
of the Serre relations for Ung is new, as are the PBW results for UnQ and UnQ out ■ 
Our approach to constructing F is also new. It relies on duality results for a 
Hopf pairing in Ung (Section [7D, which are based on the construction of quantized 
formal series Hopf algebras inside quantized enveloping algebras (|lp). 

This paper is organized as follows. In Section 0, we introduce the Manin pairs 
and triples (g,g out ) and (f),0+,0-), (0,0+, 0-)- In Section |3|, we construct the 
Serre relations for U^g. In Section |, we construct the Hopf algebras (U^g, A) 
and (U^g, A). In Section ||, we define the subalgebra Ung out of ling and show PBW 
results for these algebras. In Section |6], we construct a Hopf pairing inside U^g, 
and we prove a duality result about this pairing in Section |7|. We are then ready 
to construct F in Section ^ and the quasi-Hopf structures on U^g and Un,g out in 
Section [5]. 

Let us now say some words about the motivation of this work. We applied the 
construction of our paper || to a) the construction of realizations of the elliptic 
quantum groups in terms of quantum currents (f|), and b) the construction of a 
new family of commuting difference operators, associated with (C, u, S) (see JF|). 
The present work could lead to higher rank generalizations of these works. In our 
work |l(J, we showed that quasi-Hopf algebras naturally lead to the construction 



of quantum homogeneous spaces. This is another possible application of the 
present paper. 



1.2. Part of this work was done while I was visiting Kyoto university in May 
1999, ESI (Vienna) in August 1999 and university of Roma I in December 1999; 
I would like to thank respectively M. Jimbo, A. Alekseev, P. Piazza and C. Dc 
Concini for their kind invitations. 



2. Manin pairs and triples 

2.1. Lie algebras and bilinear forms. Recall that JC S denotes the local field at 
a point s of S, and K is the direct sum Q) s gs^s- The ring R of regular functions 
on C — S is viewed as a subring of K, by associating to a function of R, the 
collection of its Laurent expansions at each point of S. 

Let us equip JC with the bilinear form (f,g)/c = J2 s &s YeSs (f9 u )- Then ( , )^ 
and R is a Lagrangian subring of /C. Let us set, for / in K, df — — . Then d is 
a derivation of /C, which preserves R. The bilinear form ( , )/c is (^-invariant. 

Let ( , ) a be a nondegenerate invariant bilinear form on a. Let us equip 



S = (a ® K) © CD © CK 
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with the bracket [(a © /, XD, fjJC), (a' ® /', A'D, //if)] = ([a, a'] ® //' + Xa' © 
Of — X'a g) 9/, 0, n + n' + (a, a') a (df, f')jc)- Then g is a Lie algebra. Let us set 
g ° ut = ( a © i?) © CD. Then g ou * is a Lie subalgebra of g. 

Let us set ((a ® /, XD, fjtK), (a' © /', A'D, //#)}„ = (a, a') a </, /')/c + A/i' + A'/i. 
Then ( , ) g is a nondegenerate invariant bilinear form on g. 

2.2. Manin pairs. g out is a maximal isotropic subalgebra of g. Therefore, 
(g,g out ) is a Manin pair (see @). 

Let O s be ring of integers of JC S and let us fix a Lagrangian complement A of R 
in /C, commensurable with © se sC? s . Let us set gA = (a © A) © CK. Then gA is a 
Lagrangian complement of g out in g. The triple (g,g ou *,gA) is sometines called a 
pointed Manin pair. Let us describe the quasi-Lie bialgebra structures on g and 
g out associated with (g,g out , gA)- 

Let m s be the maximal ideal of O s . For A" integer, let us set iAr = a©(n se s m ^)- 
Then the restriction of ( , ) to g out x gA defines a canonical element r out) x in 
liim_A0 O11 * © (0a/0a H tjv). There is a unique map 8 out : g — > A 2 g, such that for 
any x G g, 8 out (x) = [r 0Ut)A , x © 1 + 1 © x\. Let us set p = [r^ A + r^ A , r^ A ] + 
[r^ A ,r^ A ]. Then ip belongs to A 3 g, and (g,8 out ,p) is a quasi-Lie bialgebra. 

Moreover, p> belongs to A 3 g ou< , and § out (g out ^ [ s contained in A 2 g ou *, therefore 
(g out , 5 ^t, p) is also a quasi-Lie bialgebra. 

2.3. Manin triples. Let us fix a Cartan decomposition a = n + © h © n_ of o. 

Let us set 

g+ = (f) © i2) © (n+ © /C) © CD, g_ = (fj © A) © (n_ © K) © CAT, 

and 

g+ = (h © i?) © (n_ © /C) © CD, g_ = (fj © A) © (n+ © K) © CAT. 

g + and g_ supplementary Lagrangian subalgebras of g; the same is true for g + 
and g_, therefore (g, g + ,g_) and (g, g + ,g_) are Manin triples. Let us describe 
the corresponding Lie bialgebra structures. 

The restriction of ( , ) to g + x g_ (resp., to g+ x g_) defines a canonical 
element r 0+i0 _ (resp., r 0+i0 J of lim^S © (fl/W) (resp., of lim^_ iV (g/i iV ) © g). 
There are unique maps 5 and 8 from g to lim^_Af A 2 (g/iA), such that for any x in 
g, 8{x) = [r 0+i0 _,x © 1 + 1 © x\ and 8(x) = [r 0+i0 _, x © 1 + 1 © x\. 

8 and 8 satisfy topological versions of the Lie bialgebra axioms. In the next 
two sections, we are going to construct topological Hopf algebras (UnQ, A) and 
(Ufa, A), quantizing (g, 8) and (g, 8). 

3. Construction of Serre relations 

In this section, we construct functions on products of C with itself, which will 
serve as coefficients for the Serre relations of U^g. 
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3.1. Notation. We introduce a formal variable h and set q = e . For each s in 
S, we choose a local coordinate z s of C at s. 

3.1.1. Functions. For any complex number cr, c/°" 9 is an automorphism of /C[[^]], 
preserving R[[h}}. If / belongs to JC[[h]\, then / = (f s (z s )) sES , for f s in C((z s ))p]]. 
We have then q a9 f = (fs(q ad Zs))ses- We will simply write / = f(z), and q ad f = 
f(q° 9 z). 

For V a vector space, we set V((z)) = Ylses V[[ z n]] \ z s \ This is a comple- 
tion of V <S> KL. If V is a ring, V((z)) is also equipped with a ring structure. 
The ring FL t)&SxS ^[[ z s, w t]] [-^J 1 , w*" ] is a completion of /C ® /C. We denote it 
C[[z, w]] [z -1 , w -1 ]. For / en element of C[[z, and s, i elements of S, 

we denote by / si the component of / in C[[z s , w t ]} [z~ x , }. 

We denote by / i— > Z*- 21 ) the permutation of factors in C[[z, w]] [z -1 , w~ x \. For 
/ in R <g> R, to written as £\ ft ® we set iy) = Ei fi{ z )f"{ w )\ this is a 
complex function on (C — S 1 ) x (C — 5). Then /( 21 ^(2;,w) = f(w,z). 

3.1.2. C[[7i]]-moG?«Zes. For M a module over C[[/i]], we write M/(h k ) for the quo- 
tient M/h k M. A topologically free C[[ft]] -module is a module of the form V[[ft]], 
where V is a complex vector space. When M and N are C[[^]] -modules, we will 
denote by M <S> N their tensor product over C[[/i]]. 

3.2. Results on kernels. Let (r a ) a >o, (X a ) a >o be dual bases of R and A, such 
that X a tends to zero in the topology of K, when a tends to infinity. Let us set 
G(z,w) = ^2 a - >0 i ra (z)X a (w). This is an element of C((z))((w)). We have 

((d <g> id)G) (z, w) = G(z, wf + 7, 

for some 7 <E R £g> R (7 is the 7 of 0). 

Let 0, if) be the elements of HC[jo,Ji, ■ ■ -][[^]] defined as the solutions of the 
differential equations 

d h ip = Dip-1- j ip 2 , d h (f) = D(p- 70^, 

where D = E;> 7i+i^"- We have 

i/;(h,j,d z j,---) = -h + o(h), 4>(h,j,d z j,---) = ^h 2 j + o(h 2 ). 

For cr a complex number, we will denote by <f>(o~K) and ip{aK) the elements 
0(crfr,7,<9,7,...) and ^(ah,%d z j_,...) oi R® 2 [[h}}. Set G( 21 ^,m;) =G(w,z). It 
follows from identity (3.11) of |8j that 

£ ^±\ a (z)r a (w) = (-m + ln(l - G (21 ^(h))) ( z , w). (1) 

a 

For / an element of /C, we denote by (resp., /a) the projection of / on i? par- 
allel to A (resp., on A parallel to R). For any integer a, J2 i>0 r l ® i q9/ ~q — —\A 
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is a symmetric element of i?® 2 [[/i]]. We fill fix an element r CT of i? <8l2 [[/i]] such that 

/„cr0/2 n -crd/2 \ 

r. + r^+J^r^r—^- A*) =0. 

We will set 

q a (z,w) = exp I 2J( A a ) <g> r a J exp(r CT )(z, to). 

Then g CT (z, w) belongs to C((w))((z))[[ft]]. It may be expressed as the product of 
an element p a of C[[z, w}}^ 1 , and the expansion, for z close to S, of an 

element p' a of the ring C(C x C)s x c,CxS,diag of rational functions on C x C, with 
only possible poles on 5 x C, C x S and the diagonal. We may then define the 
"analytic prolongation" q a (z,w) w<iz as the element of C((z))((w))[[ft]] equal to 
the product of p a and the expansion of p' a when w is close to S. We have then 

q a (z, w)q a (w,z) z<w = 1. 

The "singularities" of q a (z, w) may be described as follows. If s and t are elements 
of S 1 such that s ^ i, {qa)st{z,t) belongs to 1 + /iC[[z s , Wt]]^" 1 , and for 

any element s of S, there exists an element i a (z s , w s ) G H-ftC[[,2 s , w s }} [z~ l , wj 1 ] [[h]] 
such that the equality 

w s — q a ^/'2 2 S 

(qa)ss{z s ,w s ) = ^ 

q aa i z w a — z s 

holds in C((w s ))((z s ))[[H}} (see 0). 

Example. Assume that C = CP 1 , to = dz and S = {oo}. Then the local coordi- 
nate is z^ — We have R = C[[z\] and may choose A = z _1 C[[,2 _1 ]]. Then 
G(z,w) and q a (z,w) coincide with the expansions of ^- for z <C w and of 



z—w+ho/2 



for w C z. 



z — w — ha/2 

3.3. Construction of Serre relations. Let m be an integer in {1,2,3}. Let 
(e a )aez be a basis of /C, with dual basis (e a ) ae z, such that both e a and e a tend 
to zero when a tends to infinity (we may take e a = r a , e- a ~\ = X a for a > 0). 
Let us consider an algebra with generators G Z, and relations 

(q md w s -z s )a(z)a(w) = i 2m , s (z,w)(w s -q md z s )a(w)a(z),a(z) s a(w) t = (q 2m ) st (z,w)a(w) t a(z) s , 
(q 9 w s -z s )b(z)b(w) = i 2)S (z,w)(w s -q d z s )b{w)b(z), b(z) s b(w) t = (q 2 ) st (z,w)b(w) t b(z) s , 
(q- m9/2 w s - z s )a(z)b(w) = i- m , s (z,w){w s - q- md / 2 z s )b(w)a(z), 
a(z) s b(w) t = (q- m )st(z,w)b(w) t a(z) s , 
for any elements s, t of S, such that s ^t, where we set 

a(z) = ^2a a e a (z), b(z) = yb a e a {z) 
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and a(z) s is the sth component of a(z). 

As we will see (Prop. [OP , the Serre identities compatible with these relations 
are 

m+l 

fc=0 ff66 m+ i (2) 

and (0) with a and b exchanged, and m replaced by 1, where the functions 
A k ,a(w, z l7 ... , z m+ i) belong to 

(-i) fc r^M +hR® m+1 [[h]] 

and should satisfy the identity 

m+l 

^ ^ A fe)0 -(2;,Wi, . . . ,W m+1 )Y]_q-rn-l{z,Wa(i)) ®( W h W j) = °" 

fc=l creS m+ i i>fc i<j,a(i)<a(j) (3) 

Theorem 3.1. (existence of Serre identities) There exist functions Ak, a {z, w±, . . . ,w r , 
in 

(-l) fc ( m + ^+^ m+1 p], 

satisfying identity (Qj. 

We will prove Thm. in the case m = 1 ; the proof is similar in the general 
case. 

Theorem 3.2. (Thm. \3. 1\ for m = 1) There exist functions a, ■ ■ ■ ,7' in R® 3 [[H\], 
such that a, 7, a', 7' e 1 + ftft® 3 [[ft]], /?,/?' G -2 + ?LR® 3 p]], and 

a(z, ioi, iu 2 )g_i(z, u>i)g_i(z, w 2 )q 2 (w 1 ,w 2 ) + P(z, w 1 ,w 2 )q_ 1 (z, w 2 )q 2 (w 1 , ^2) 

(4) 

+ 7(2;, wi, w 2 )q 2 (w 1 ,w 2 ) + a'(*, twi, tw 2 )g_i(z, w 1 )q-i(z, w 2 ) 
+ iwi, w 2 )q-i(z, wi) + j'(z, w 1 ,w 2 ) = 0. 

Proof of Thm \3. 4 Let us explain our strategy. We first give some condi- 
tions on (a, . . . , f3') in (i?® 3 [[7i]]) 5 , which guarantee that they determine a system 
(a, . . . ,7') G (i?® 3 [[/i]]) 6 satisfying the requirements of the Theorem (Prop. |3.1|) . 
We then show the existence of a system (a,... , /?') fulfilling these conditions 
(Prop. |53). 

Proposition 3.1. If (a,... ,/?') in (R® 3 {[h]\Y satisfy 

a, a', 7 e l + HR® 3 [[h}}, (3, (3' e -2 + hR® 3 [[h}}, (5) 

and 

a/(3'(q' 8 w u w u w 2 ) = exp (-r 2 - (g~ 9 ® id)r_i + 0(2ft)) _ ^_ 2 ^ (wi,w 2 ). 



QUASI-HOPF ALGEBRAS 



a'/(3'(q 9 w 1 ,w 1 ,w 2 ) = exp (-(g 9 ® id)r_i + <f>(-2h)) ^_2h)-i)(2h) ^ ^ 

a/p(q~ d w 2 ,w 1 ,w 2 ) = exp (-(g -9 ® itZ)(r_i) + 0(-2ft)) (21) ^_ 2f ^^_ ^( 2 ^)(2i) ^ 2 )j 

(y'/f3(q~ d w 2 , w h w 2 ) (9) 
= exp (-r 2 - (g~ a ® id)(r_i) + <K2£)) (21) _^(- 2 ft)(2i) ^ 2) " 

<*//?(*, g 39 W2 , q 9 w 2 ) = - exp ((g 39 ® id)r^ + 0(4ft) - <P{2h)f 1] ^"' (z, w 2 ), 

7 /(l(z, q* 9 w 2 , q 9 w 2 ) = exp (-(q 9 ® icQr-! - #2ft)) ^77=^K *), 

then i = - ( g_ 2 (^,Wi)g_ 2 (2; ) ^2)^4(^1, w 2 ) + ^-2(2, w 2 )g 4 (u7, u> 2 ) +794(^1,^2) 
+a'g_ 2 (z, Wi)g_ 2 (z, w 2 )+/3'g_ 2 (z, Wi) ) belongs to 1+i?® 3 [[/&]] . Therefore (a, . . . , /?') 
uniquely determines a system (a,... ,7') satisfying the conditions of Thm. pH} 
fwift /i replaced by 2h). 

Proof of Prop. Let (a, . . . , /?') be arbitrary elements of (i?® 3 [[/l]]) 5 . Set 

7' = - ( 9-2(2, iui)g_ 2 (z, 102)94(^1, u> 2 ) + Pq-2{z, w 2 )q 4 (w 1 ,w 2 ) 
+ 794 (wi, w 2 ) + 0^-2(2, ^1)9-2(2, w 2 ) + 0q-2{z, Wi) ) . 

7'(z, wi,2 2 ) belongs to C((w 2 ))((wi))((2;))[[/i]]. Moreover, for any s and t in S 1 , 
the products 

(z s - q~ 9 (w 1 ) s )j'(z, W!,w 2 ), (z s - q~ 9 (w 2 ) s )j'(z, w 1 ,w 2 ) and ((u>i) s - q 23 (w 2 ) sW {z , w 2 ) 

(12) 



belong respectively toC[[z s , (t«i),]][z a \ (wi) a 1 ]((w 2 ))[[/i]], C[[z s , (tw 2 ) a ]][z a \ 
(K))[[ft]] and C[[K)„ MJHMr 1 , M^KO* 



7 1 ] 

Lemma 3.1. Assume moreover that (a, ... , /?') satisfy conditions (|^)-(fI7p. T/ien 
i/ie products flL!\ ) vanish when we substitute respectively z s = q~ 9 {wi) s , z s = 
q~ 9 (w 2 ) s and (wi) s = q 9 (w 2 ) s (in other words, these conditions are sufficient for 
the "poles" 0/7' at these points to vanish). 

Proof of Lemma. See Appendix [A[ □ 

End of proof of Prop. \3. 1\ . Recall the following fact: 
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Lemma 3.2. Iff belongs to C[[z s , w s )] [z' 1 , w' 1 ] and vanishes when we substitute 
w s = z s , then there exists g in C[[z s , w s )) [zj 1 , w' 1 ] such that g(z s ,w s ) = (z s — 
w s )f(z s ,w s ). 

Assume that (a, . . . ,/?') satisfy conditions (|6|)-(|TTD. Recall that we have set 
i = - ( q-i{z, Wi)q_ 2 (z, w 2 )q i (w 1 , w 2 ) + Pq~ 2 (z, w 2 )g 4 (wi, w 2 ) + 7^4(^1, ^2) 
+ a'q- 2 (z, Wi)q- 2 (z, w 2 ) + f3'q- 2 (z, Wi) ) . 

(z s -q- 9 (w 1 ) s )'y'(z,w 1 ,w 2 ) belongs to C[[z s , (iwOJpJ" 1 , M^KM)^]]- Lemma 
|3~T|then implies that the substitution z s = q~ 9 (wi) s in (z s — q~ d (wi) s )'j' sst (z, w±, w 2 ) 
gives 0. Lemma |0|then implies that ^' sst {z s , (wi) s , {w 2 ) t ) belongs to C[[z s , {wi) s ]\ 
[z~ l , {wi)~ l \{{w 2 ))[[h\\, therefore 

j , (z,w 1 ,w 2 ) belongs to C[[z, wjp -1 , w± 1 }{{w 2 ))[[H}}. (13) 

Replacing in this argument (z s — q (wi) s )j'(z, Wi, w 2 ) by (z s — q~~ d {w 2 ) s )^' (z, Wi, w 2 ) 
and ({wi) s - q 2d (w 2 ) s )'y'(z,w 1 ,w 2 ), we find 

y(z, Wl ,w 2 ) G C[[z,w 2 }][z'\w^ 1 }{(w 1 ))[[h}},Y{z,w 1 ,w 2 ) e C[K,w 2 ]]K 1 ,w 2 - 1 ]((2 ; ))[^]]. 

(14) 

(H) and (0) imply that 

y(z,w 1 ,w 2 ) belongs to C[[z, w\, u^]]^ -1 , u>f x , uvT 1 ] [[/?,]]. (15) 

Moreover, q a (z, w) belongs to l + hC((w))((z))[[h}], therefore relations (|) imply 
that 

7' belongs to 1 + M:((w 2 ))((wi))((z))[[ft]]. (16) 

and ([R]) then imply that 

i belongs to 1 + HC[[z, w u z 2 }][z~\ wf 1 , wj 1 ]^]]. (17) 

Let us now show that 7' belongs to i?® 3 [[/i]]. We will need the following state- 
ments. 

Lemma 3.3. If f belongs to C[[z, w" 1 } and is such that for any a in R, 

(a(z) — a{w))f\z, w) belongs to R® R, then f belongs to R® R. 

Proof of Lemma. For any a in C, let f a be the element (a(z) — a(w))f(z, w) of 
R<S> R- Let a be any nonconstant element of C. Then the function <ft : (P, Q) 1— > 
a(P)-'a(Q) 1S a ra tional function on C x C, with poles when P or Q meet S and 
on the divisor {(P, Q) E C x C\a(P) = a(Q)}, which contains the diagonal Cdi ag 
of C. 

Let then P and Q be any pair of different points of C — S. As C is smooth, 
R separates the points of C. Let apg be a function of R such that apg(P) 7^ 

apQ^Q). Since <\> is equal to the function (P',Q') \—> ap ^Q^)- a '^Q(Q') > ^ nas 110 
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poles at (P,Q). Therefore the only possible poles of <fi are on Cdi ag U [C x S] U 
[SxC], 

Moreover, at each point P such that da(P) is nonzero, the possible pole of 4> 
at (P, P) is simple; since the set of these points forms an open subset of C, the 
possible pole of <p at the diagonal is simple. The coefficient of this pole, which is a 
rational function on C, is given by the substitution z = w in (a(z) — a(w))<p(z, w). 
The image in /C of this function is the Taylor expansion of f a (P, P) for P in S, 
which is zero, therefore has no pole at the diagonal of C and belongs to R <8> P. 
Since the image of in C[[z, w}} [z~ l , w' 1 } coincides with /, / belongs to R ® R. 

□ 

We also have 

Lemma 3.4. 1) (see also For any a in R, (a(z) — a(w))G^ 21 \z, w) belongs 
to POP. 

2) For a a complex number and any a in R, {a(q~ ad z) — a(w)) q2a{z,w) be- 
longs to R m \[h}}. 

Proof. 1) The delta-function of /C is 5(z,w)dw = Ylia e °'^ z ) UJa ^ w )^ wnere ( e ") 
and (u) a ) are dual bases of K, and its module of one-forms Q/c- G + is 
then the ratio 5(z,w)dw/u>(w), therefore (a(z) — a(w))G^ 21 '(z,w) = —(a(z) — 
a(w))G(z, w). Since (at(z) — at(w))G(z, w) = ^ 7 (a^ 7 )(-2)A 7 (w) — r' y (z)(aX 7 )(w), 
the product (a(z) — a(w))G(z,w) belongs to R((w)), where z is attached to the 
factor P. In the same way, (a(z) — a{w))G^ 2l \z , w) belongs to R((z)), where w is 
attached to the factor P. It follows that (a(z) — a(w))G(z, w) belongs to P <g> P. 

2) We have 

q 2a {q ad z,w) = exp ({q° d ® id){r 2a - (j){2ah))) (l - G^tf 9 <g> zd)(^(2^))) (z,io). 

It follows then from 1) that [a(z) — a(w)]q , 2t7 (g cr9 z, w) belongs to P® 2 [[/i]]. Since 
q~ ad preserves P[[^]], (a(q~ erd z) — a{w)\ q2 a (z,w) belongs to (P P)[[/i]]. □ 

Assume now that (a, ... , f3') satisfy conditions (§)-(0) and let us show that 
7' belongs to P® 3 [[ft]]. It follows from Lemma |3.4| that for any a in P, (a(z) — 
a(q~ 9 Wi))j'(z, w\, W2) belongs to R® R((w2)){{h]\ (variables z and w\ correspond 
to the first and second factors of P (g) P). Lemma |3]^ then implies that 

7' belongs to P®P((wi))p]]. (18) 

In the same way, Lemma |3T4] implies that (a(z) — a(q~ d W2))'j'(z, Wi, W2) belongs 
to P <g> P((wi))[[^]], where variables z and W2 correspond to the first and second 
factors of P ® P. Lemma |3.3| then implies that 

7' belongs to P <g) P((w 2 ))p]]. (19) 

(PI) and (H) then imply that 7' belongs to R m [[h]}. Together with (|17|), this 
implies that 7' belongs to 1 + 7LR® 3 p]]. This proves Prop. |3.1| . □ 
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Proposition 3.2. There exists a family (a, ...,/?') 0/ (i?® 3 [[/i]]) 5 , satisfying the 
conditions of Prop. \3. % 



Proof. We will use the following fact: 

Lemma 3.5. Let f(z,w) and g(z,w) be two functions in C[[z, w]} w^ 1 ] [[h]], 
and let a, a' be two complex numbers. There exists a function h(zi,z 2 ,z 3 ) in 
C[[zi, Z2, Zs))[zi , z 2 , z% )[[h]) such that h(z , q a9 z , w) — f(z,w) and h(z,w,q a 9 w) ■ 
g(z,w), iff the functions f (z , q a 9 z) and g(z,q a9 z) coincide. If moreover f , g be- 
long to .R® 2 [[7i]] ; then h may be chosen in R® 3 [[H]\. 

Proof of Lemma. Replacing h(z\, z 2 , Z3) by h(z\, q~ a9 z 2 , q^ rj ' 9 z^) ) we may as- 
sume that cr = a' = 0. One sets then h(z±, z 2 , Z3) = g{z\, z 3 ) + f(z 2 , Z3) — g(z 2 , Z3). 

□ 

Let us first set fl(z,Wi,w 2 ) = —2, and j(z, wi,w 2 ) = — 2x (right side of (|ll|)). 
Then 7 belongs to 1 + HR® 3 [[h}]. 

Let us determine a(z, wi, w 2 ) satisfying conditions (||) and fllCf ). Both equations 
should give the same values to 

a/p(w 2 ,q 39 w 2 ,q 9 w 2 ). 

This means that 

- exp ((q 39 ® «d)r_i) exp {<j>{AH) - <j>(2h)) ||^(^, «*) (20) 
-(q 9 w 2} q 39 w 2 ) 



uip(-2ti) -ip(2h) 
exp (-r_i(w 2 , q i9 w 2 )) exp (<f>(—2h)) (q 9 w 2 , q 39 w 2 ) 



-(q a w 2 ,q M w 2 ). 



i){-2h) - i){2h) 

Let us show (20). exp (— (f>(2H)) ip{2h) s {w 2 , w 2 ) is the residue at z s = (w 2 ) s of 
ex P (E«>o 3 -lT-^a ® r l ( z , w 2), and exp {-(j){AK)) ijj{Ah) s (w 2 , w 2 ) is the residue 

V — / ss 

at the same point of exp ( X] a >o 9 g -1 ® r a J (z, w 2 ), therefore 

V — J ss 

exp(-0(2ft))V(2ft) 



-(w 2 ,w 2 

exp {—(p{*±ri) j 'tpyiri) 
ue at z = w 2 of exp[^ a > ^g^ K C 

of (20) is 



is the value at z = w 2 of exp[^ a>0 - — (f—X a (g> r a ](z, w 2 ). Therefore the left side 



V Q>0 



Q 2d _ 49 

- exp {{q 39 <g> id)r_i) exp q X < 

which is —q- 2 (q 39 w 2 ,w 2 ). 



[w 2 ,w 2 ) 
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On the other hand, q- 2 (q~ 9 w 2 , Wijq^Wi, "U^) -1 vanishes when W\ = q 2d W2, 
therefore any functions a ,/3 ,7o satisfying (73) are such that 

a (q~ 9 w 2 , q 29 w 2 , w 2 )q„ 2 (q~ 9 w 2 , q 29 w 2 ) + f3 (q~ d w 2 , q 29 w 2 , w 2 ) = 0, 

which means that these functions verify 

«o0 2 , q 3d w 2 , q 9 w 2 )q- 2 (w 2 , q 3d w 2 ) + /3 (w 2 , q 3d w 2 , q 9 w 2 ) = 0. 

The right side of (20) is equal to the ratio a/P(w 2 , q 39 w 2 , q 9 w 2 ) for a, (3 as in (H), 
which are part of a system (a, (3, 7) of functions satisfying (73). Therefore this 
ratio is equal to —q- 2 {w 2l q 2,9 w 2 )^ 1 . It follows that the right side of (20) is also 
equal to —q_ 2 (w 2 ,q 39 w 2 )~ 1 . 

It follows that both sides of (20) are equal. Moreover, the right sides of (|8[) and 
( |10D are of the form —1/2 + u(z, w 2 ) and —1/2 + v(z, w 2 ), where u and v belong 
to /LR® 2 [[/i]]. It follows from (20) that u(q 39 w 2 ,q 9 w 2 ) = v(w 2 ,w 2 ), therefore 
applying Lemma |3]5] to the system of equations 

(a - l)(q~ 9 w 2 ,w 1 ,w 2 ) = -2u(w 1 ,w 2 ), (a - l)(z, q 39 w 2 , q 9 w 2 ) = -2v(z,w 2 ), 

we get a solution a(z, w±, w 2 ) of equations (§) and (|10D, such that a(z,wi,w 2 ) G 
l + hR m [[h}]. 

We now have to find a' and (3' satisfying (||), ([?]) and (9). This system is 
equivalent to (||), 

a a{q w 2 ,w u w 2 ) = = — — = {w 2 ,Wi), 

exp [t 2 + (q-° (g) zd)r_i exp [-(p(2h)\ ip(2h) ^1) 



and 



9 i/j(2h) exp[r 2 + {q- 9 g id)^} exp[-0(2ft)] ( 
a /a(q w u w u w 2 ) = — -{w^w^ 



ip(-2h) u 



(22) 



If a solution a' to (|21|) and (p2|) exists, both equations should give the same value 
to a' /a(q~ 9 wi,wi,wi). If we set 

t _ V>(2ft) exp[r 2 + (q- 9 g zgQt_i] exp[-0(2fi)] 
^(-2ft) u ' 

this means that 

t^,^)- 1 = t(^,z); (23) 
in other terms, t(z, z) 2 = 1. We have 

, , il>(2h) exp[-4>(2h)} . ,, , 
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■0(±27i) exp[— <p(±2H)] is the residue at w = z of exp(^ a>0 9 d 1 X a <8> r a )(z, iw); 
more precisely, we have 



G(z, w){z— w)\ w=z ip(±2h) exp[— (fi(±2h)}(z, z) = exp(^^ 



q ±2d _ 1 



a>0 



d 



\ a ®r a )(z,w)(z- 



Let us set 



q+(z, w) = exp[r 2 ] exp[^ 



q 



28 



d 



~-\ a <g> r a ](z, w), 



q 2 (z, w) 



exp[^ 



a>0 

q- 29 - 1 



a>0 



d 



\ a ®r a }(z,w). 



We have then 

(z - w)q2(z,w)\ w=z t(z,z) = (z - w)cfi{z,w)\ w=z . 

It follows that 

{z - w)cfe{w,z) z< . w \ w=z t{z,z) = (z - w)q£(w,z) z<w \ w=z . 
Since we have 

<h (z,w)q^(w,z)\ z<w = q^(z,w)q^(w,z) lz ^ w , 

we get t(z, z) 2 = 1, as wanted (one can actually show that t(z, z) = 1). 

The right sides of fl21]) and (||) belong to 1 + hR m [[K\], let us denote them as 
1 + hs and 1 + fit. We have seen that s(z, z) = t(z, z), therefore by Lemma |3.5| , 
the system of equations (|21 ) and (|22 ) has a solution a' in 1 + ?LR® 3 [[7i]]. We then 
set /?' = a'/ right side of (|). □ 



This ends the proof of Thm. 



□ 



4. The Hopf algebras (Uhq, A) and (Z/^g, A) 

4.1. The algebras f/aLn±. Let A = {aij)i.j=i,..., n be a Cartan matrix of finite 
type. Let V = ©™ =1 Cej be a vector space of dimension n. Let T(V g) /C) be the 
tensor algebra of V <g> /C and let T(V ® £)[[fr]] be its ft-adic completion. Let us 
set ei[4>] =ei®(j) and e^z) = Y, a & Zi[r a }K{z) + ei[\ a ]r a (z), 

We will define Un,Ln + as the quotient of T(V ® /C)[[^]] by the ft-adically closed 
two-sided ideal generated by the coefficients of monomials in the identities 

(q dia » 9 w s - z s )(e i ) s (z)(e j ) s {w) = i d ^^ s (z,w)(w s - q dia » 9 z s ){e j ) s (w)(e i ) s {z), 

(24) 

e i (z) s e j (w) t = {qd l a lJ )st{z,w)e j (w) t e i (z) s , (25) 
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and 



l— a; 



^2 ^2 A kA z i w ii--- , w i-a l3 )ei(z a( i)) ■ ■ ■ e i (z a{k) )e j (w)e i (z a{k+1) ) ■ ■ ■ ei(z a(1 _ aij) ) = 
k=o CT GSi_ aii (26) 

for any — ,n and any elements s, t of S such that s ^ t. As before ei{z) s 

is the sth component of ti{z). 

We will also define UfrLxi- as follows. Let V- = ©™ =1 C/i be a complex vector 
space of dimension n. UnLxi- will be the quotient of T(V- ® /C)[[ft]] by the ft- 
adically closed two-sided ideal generated by the relations 

(q d ^ d w s - z s )U))s(w)U\)s(z) = i dmj , s (z,w)(w s - q d ^ d z s )Ui) s (z)U))s(w), 

(27) 

fi(z)sfj(w) t = (ql 1 a lJ )st(z,w)f j (w) t f i (z) s , (28) 

and 

1—aij 

^ A kA Z > W U ■ ■ ■ ^l-CH^MZaQ-a..)) • • • fi{z a{k+1) ) fj(w) fi(z a{k) ) ■ ■ ■ fi{z a{1) ) = 

k=0 <r66i- aij (29) 

for any i,j = 1, . . . , n and any pair of different elements s, t of S, where fi[<f>] = 
ft ®<p and fi(z) = Ysaaz fi[r a \K{z) + fi[K]r a (z). U h Ln_ is therefore isomorphic 
with the opposite algebra of U h Ln + . 

4.2. The algebra UnLt). Let H = ©™ =1 Cftj be a complex vector space of dimen- 
sion n. Let us first define some generating series in T((H © /C) © CD © Of) [[ft]]. 
Define T a : K -> /C by 

gCT 9/2 _ -<t3/2 x 

^(e) = — e + -(T a ,id<S>e) K ,, 

and set 7^ = T di(Ii3 , for i, j = 1, . . . , n. 

Lemma 4.1. Lei T &e the endomorphism of R n [[h]] defined by T(r i ) i= i ) ... jn = 
(ELi T ^)«=i,...,f ThenT is invertible. 

Proof. The reduction of T modulo ft coincides with the action of the sym- 
metrized Cartan matrix (^0^)^=1,... jn , which is invertible (because a was as- 
sumed semisimple). □ 

Let A a be the linear operator from A to R defined by 

A a (X) = (A ® id, ^(d z + d w ) In q a (z, w))k, 
and A i:j = A di0iij , for i,j = l,... ,n. 
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Let us define XJ a : A — > R by t/ CT (A) = — ^(tv, id © A)*;. Let us set = Ud iCHj - 
It follows from Lemma |4.1| that there exist unique linear maps pij : A — > R, 
i, j — 1, . . . , n, such that 

n 

Uij = Tkj O p ik . 
k=l 

It follows also from Lemma ^J] that there exist unique linear operators CV, : A — ► 
R, such that Y2=i ° Cifc = Aj, for i,j = 1, . . . , n. 

We set then, for A in A and z = 1, . . . , n, hi[X] — Y^=i hj[pij{X)\, an d 

hf(z) =Y,hi[r a ]\ a (z) + J2H**]r a {z), K(z) = ^ hi[X a ]r a {z), 

and for e e JC, 

ses ses 
(so (K^)~ l [r\ = for any r in R). We also set 

n 

Hi[X] = J2 h ACijWl H t {z) =J2H l [X a }r a (z). 

j=l a>0 

Define U h Lt) as the quotient of T({H © /C) © CD © Of) [[ft]] by the Radically 
closed two-sided ideal generated by the relations 

[K,h l [ ( p]}=0, [K,D]=0, 
[hi[r\MA\ = 0, Mr), MA]] = ±<(1 - <T xa )T^r, A)*, (30) 

MX], hjix'}} = \((q~ Kd ® <r Ka - 1) ® r a , A © AW (31) 

[D, hi[r)) = hi[dr), for each r e R, (32) 

[A (#7)^]] = (Kry'idX] + ^ res, ((#(*) + ^(g^) ^.(^^(^^(^W) , 

sgs (33) 

for r, r' in i?, A, A' in A and i, j = 1, . . . ,n, where we set hi[<p] = hi © </>, for 
1 = 1,... ,n and (ft in /C. We also set 

^i(z) = 7^{d z > +d z ) In q u (z',z) lz , =q -K8 z . 

We denote by ( , )k.®k the tensor square of ( , it is a bilinear form on 
/C © /C. We also write, if = © © a;}^ = £\ a;)*, and 
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4.3. The algebra U H Q. Let W = ©"^(Ce, ffi Ch { © Cfo) be a complex vector 
space of dimension 3n. For i = 1, . . . , n, in AC and x = e, f, h, we again denote 
by the element x t © of the tensor algebra T((W © AC) ffi CD © CiT) [[&]]. 

Let us define H^A] and K i (z) as the images of the elements of H^X] and K i (z) 
by the morphism T((W ©AC) ffi CD © C?T)p]] -> T((# © AC) © CD © CK)[[h}}, 
hi[e] i-> hi[e\,D^ D,K^K. 

Define t/ ftfl as the quotient of T((W ©AC) ffi CD ffi by the Radically 

closed ideal generated by relations (||), (26), (g7|), (29), ©, (0), 

(p2|), ( p3[ ) and relations 

[K,e J [e]] = [K,/ J [ e ]]=0, 
Mr), eM = e,[T^-(r) e ], [^[A], e,[e]] = ej [(q- K %)(X)e], (34) 

[^N,/iM] = -/i[^(^']> (35) 
He], fAA\ = 5 f (Kt[ee'\ - {K;)-\{q- Kd e)e']) , (36) 
[D,ef[e]} = ef[de] ffi^M^A^M, (37) 

for e, e' in AC, r in and A in A, where e 13 ® = J2 a r " © A a + A a © r a . 

Remark 1. Generating series. Let us set qij(z,w) = q& iai .(z,w). For a(z),b(z) se- 
ries in t/ftjjjjz, z -1 ]], and e(z, w) an element of C((z))((w)) [[/!]] or C((iu))((;z))[[7i]], 
let us write the equality a(z)b(w)a(z)~ 1 = e(z,w)b(w) as (a(z), b(w)) = e(z,w). 
Then if we set e^z) = E/^M*), h{z) = Epfl^M*), relations (0), (0), 
( |3"4"D and (|35|) are expressed as 

(^ + (z),ir+H) = i, (^( Z ),^w)= f i(z :^ 

and 

WW.e^H) = gyO,w)> (^(4 e iW) = Qij{w,q~ K9 z), 
(K+(z),fj(w)) = qtjfaw)- 1 , (Kr(z),fj(w)) = ^(w,*) -1 . 

In the same way, if we set e+ = e,, e~ = f iy relations ([24]), fl2"5p, fl2"T| ) and ( |2"8"D are 

expressed as 

(a(z) - a(q ±d ^ d w)) ef(z)ef(w) = (a(z) - a(q ±d ^ d w)) q ij (z,w) ±1 ef(w)ef(z) 1 

(38) 

for any a in AC. 
We have also 
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where d(z, w) = J2 a r ' a (. z )^a{w) + X a (z)r a (z), and 

[D,K+(z)} = -d z K+(z)+2H i (z)K+(z), [D,ef(z)} = (-d z ef + H t ef)(z), 

[D, Kr(z)- 1 } = -d z K.{zY x + (Hi(z) + H^q'^z) + ^(z)) Kr(z)- 1 ; 
Hi(z) also satisfies the relations 

[Hi(z),ef(w)] = ±^(d z + d w )\nq ij (z,w)ef(w), 

Remark 2. As we will see in Prop. |5.2| , there are natural embeddings of UfrLx\.± 
and of UfrL\) in UnQ] this justifies a posteriori that we denote elements of these 
algebras the same way as their images in UnQ. 

4.4. Hopf algebra structures on UnQ- Let us set, for i,j = 1, ... ,n, c lJ = 

E«>o c ij( x a) ® r " Then cij is an element of (R ® R)[[H}}. 

Lemma 4.2. There exist unique elements (r^')^^...^ of (R<Si R)[[h]], such that 
for any i,j, we have Y^i=i(^ ® Tu)(r^ ) = c % K The r^ also satisfy X/jLiCH* <g> 
id){r 1 ^) = — {c^Y 2l \ for any i,j = 1, . . . , n. 

Proof. The existence and uniqueness of the r* J follows from Lemma |4.1| . 
Let us set a*- 7 = ^ a>0 Aij(X a ) ® r a . The c 4 -' are uniquely determined by the 
identities Ylk=i(Tkj <8> id)(c lk ) = a w , for any z,j = 1, ... ,n. On the other 
hand, [ — 5^JLi(^l* <H> 2G?)(V jf )p 1 ) satisfies the same identities, because we have 
= _(««■) (ai). □ 

We define r^g as the elements of C[[h]] such that r u = J2 a p>o r af3 ra ® r/3 - 
Define completions of tensor powers of L^g as follows. For iV an integer, let 

I N be the left ideal of U h g generated by the x[zf\,x e , hi, fi, i 1, . . . , 7^}, 

where p > N. Let us set, for k integer, 

k-2 

and 

fc-i 

£4 ®> fc = limlim U hQ ® k /(X2 Uh9® p ® In ® U^- 1 ^ + tiU H0 ® k ), 

<r-l +-JV * ' 

P=l 

where all tensor products are over C[[/i]]. 

For any x in U^q and any integers N and I > 0, there exists an integer 
iV(a;, AT, I) such that In'(x,n,i) x C /at + h l Un,Q- It follows that the above ten- 
sor products are endowed with algebra structures. 
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Proposition 4.1. There exists a unique algebra morphism A from UnQ to UnQ®< 
UfiQ, such that 

A(K) = K ®1 + 1®K, A{D) = D®1 + 1®D + ^ r^h i [r a }®h j [r% 

ij=l,... ,n,a,f3>0 

A(hi[r]) = hi[r] ® 1 + 1 ® hi[r], A (ft; [A]) = ft*[A] ® 1 + 1 ® fti[(^ l9 A) A ] 
for r e R, X e A, 

A(e,[e]) =Y,ei[<?)® K ?to]+ 1 ®ei[e}> WM) = K 

/3 /3 

/ore G /C. VFe set J2/3 ^ ® e /? = E a >o r " ® A « + E Q >o A « ® r "> anrf K i = K®1. 

Moreover, for each integers N and p > 0, there exists an integer N'(N,p) such 
that A(I n >(n, p )) is contained in the completion of hPUng® 2 + In <8> UhQ- 

Proof. For A in A, A(ftj[A]) belongs to the ft-adic completion of UnQ ®c[[h}} UnQ- 
On the other hand, for any e in /C, both i^+[eA a ] and (_K t ~)~ 1 [er a ] tend to zero (in 
the ft-adic topology) in UnQ when a tends to infinity, and eJAJ and (iiQ _ ) —1 [eA Q ,] 
tend to zero in the topology defined by the In, so that A(e*[e]) and A(/,[e]) both 
converge in U h Q ®< U h Q. 

After we write A in terms of generating series as 

A(K+(z)) = K+(z)®K+(z), A(K-(z)) = K.(z)®K.(q-^ d z), 

A( ei (z)) = ei(z) ® K+(z) + 1 ® e,(z), 

A(/,(z)) = /<(*) ® 1 + K7( Z )- 1 ® fi(q- K ' d z), 

it is easy to check that the extension of A to the free algebra T((W <g> JC) © CD © 
OK") [[ft]] maps all quadratic relations of UnQ relations to zero; in the case of the 
Serre relations, this follows from the identities (|3[). The statement on A(Jjv) is 
immediate. □ 

There is a unique algebra morphism e : UnQ — ► C[[ft]], such that e(a;[e]) = 
s(K) = s(D) = 0, for x = h^e^fi and e £ JC. There is also a unique algebra 
morphism S : UnQ — > lhm_ p liim_jv U%Qj (In + h p UnQ), such that 

S(K) = -K, S(D) = -D+Y, 4Mr a \UA, 

S(h t [r}) = -hi[r], S(h t [\]) = -fn[{q- Kd X)A] } 

S(eM) =-^e i [*?](K+)- l [ep], S{f t [e]) = - £ i^]M<T^], 

P P 

where we set 

W)' 1 ^] = KM = E res — (^(*M*M*))- 

ses ses 
S is continuous in the topology defined by the In and has therefore a unique 
extension to an algebra automorphism of lim^ p lim^^r UnQ/ (In + hPUnQ). 
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Proposition 4.2. (C/ftfl, A, e, S) is a topological Hopf algebra. 

Here "topological" should be understood in the sense that in the Hopf algebra 
axioms, tensor powers should be replaced by their completions Ung® <k , and one 
factor U h Q should be replaced by liim_jv U h g/I N in each of the two antipode 
axioms. 

(Ung, A, e, S) also induces a topological Hopf algebra structure on lim^ p lim^_ N 

U h Q/{I N + ??U h Q). 

Proposition 4.3. There exists a unique algebra morphism A from UnQ to UhQ®> 
UnQ such that 

A(K) = A(K), A(£>) = A(£>), A(h t [r]) = A(h t [r]) 

for r G R, 

A(h t [X}) = ^[(^ 29 A) A ] 1 + 1® hi[X] 

for A G A, and 

A(e t [e]) = eiMQl+^Kry^q-We^^fo], A(/,[e]) = £ M^K^+l^Me], 

(3 (3 

where we set K~2 = 1 <8> K. For any integers N and p > 0, there exists an integer 
N"(N,p) such that A(/jv"(w») is contained in the completion of ' h p UnQ® 2 ' + UnQ® 
In- 

There is a unique algebra morphism S : U^Q — » liim_ p linu-jv Uj$/{In + h p Uhg), 
such that 

S(K) = -K, S(D) = S(D), S(hi[r]) = -hi[r] 

for r in R, and 

S(hi[X]) = -hi[(q- Kd X) A ], 

P 13 

Proposition 4.4. {U h Q, A, e, S) is a topological Hopf algebra. 
Remark 3. The formulas defining S, A and S can be rewritten as 

S( ei (z)) = -ei(z)Kf(z)-\ S(Mz)) = -K-(z)f i (q K9 z) : S{K~{z)) = K-(q Kd z)-\ 

A(e t (z)) = e t (z)^l+K-( q K ^ Z )-%e l (q K ^z),A(f l (z)) = fi{z)®K+{z)+l®Mz), 

A{K7{ z )) = K-{q- K > d z)®K7{ z ) 

and 

S( ei (z)) = -Kr( z )e t (q- K9 z), S(Mz)) = -fi(z)K?{z), S(Kr(z)) = Kr( q - Kd z )-\ 
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Remark 4. Let be the left ideal generated by the ei[z l s ], x G {e,f,h}, i G 
{1, . . . ,n}, s G S, I > N. The formulas defining A, S, A and 5 also define 
topological Hopf algebra structures (U^g, Arj N ^), (UnQ, ^(j N )), where the tensor 
powers of U^Q are completed using the family J N instead of In- 

In Theorem |9.1| , we are going to construct a quasi- Hopf algebra structure on 
an algebra UfiQ out , starting from A and A. One could also construct a quasi-Hopf 
structure starting from A(j JV ) and A(j N ). This quasi-Hopf algebra structure is 
probably equivalent to that obtained in Theorem |9.1| . 

5. PBW THEOREMS 

The proofs of the PBW theorems for UfrLx\. + and U^q will follow the proofs of 
M, which rely on Lie bialgebra duality. 

5.1. The case of Un,Ln + . Let us denote by (e,, hi, /i)i=i v .., n the Chevalley gen- 
erators of a. 



Theorem 5.1. UnLn + is a topologically free algebra over C[[h]], and the map 
ei[e) i— > ei ® e induces an isomorphism from UfrLxi + / hUaLn + to ULn + . 

Proof of Thm. |<5.i| . Following Feigin and Odesskii (|11|), define a functional 
shuffle algebra as follows. Set FO = (B^^FO^, where FO^ is the subspace of 
C((ii)) ... ((£ n ))[[^]] formed of the series of the form 

f(ti, ■ ■ ■ , ^n) 

rii<i<i<Ar,Q!(i)^a(j)(^ ~~ ^) 
where N = YZ=i k <^ f belongs to C[[t u ... , t N }} [tf 1 , . . . ^Jp]] and is sym- 
metric in each group of variables {th a )i<j<k a i we 

set = tki h — \-h a for 
k — 1, . . . , k a , a{ki + . . . + k a _i + k) = a a for k = 1, . . . , k a ; by convention, 

a-b l^i>0 U U ■ 

For any integer a, r a + Y^a>o(~^d — ^a)n ® f a is an antisymmetric element 
of h(R ® R)[[h]]. Let us fix a CT ~in h(R (g> #)P]] such that 



n. T --al 21 ) = T(7 + ^( 1 X a ) R (g) r c 



Q>0 



for example, we may set a CT = |(r CT + J]a>o(~ 9 T"^a)ii <S> ?" Q ). 
Let us set 

g^O,u>) = exp I ^2 q \ a {z)r a (w) J exp(a a )(z, w); 

\a>0 ) 

we have then 
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Define a composition law FO^ x FO\ — > FOk+i by 

(f*g)(t i j ) ) =Sym ( i) (i) •••Sym ( „ ) (n) (39) 

AT N+M 

in n 

?(a(i),a(j)>(^'^')/(^' • • • ,t N )g(t N+1 , . . . ,t N+M )}, 

i=l j=N+l 

where N = J2 t k t ,M=J2 i l l , 

a(h + ■■■ + ka-! +i) = a(N + h H h k-i + j) = <J ff , 

for i = 1, . . . , and j = 1, . . . ,l a , (5 a , 5 T ) = d a a aT and 

+ — 4 a "> + — 4^ 

for i = 1, . . . , k a and j = 1, . . . , l a . Here 5i, . . . , 5 n are the basis vectors of N n . 
One checks directly that (FO, *) is an associative algebra. 

Proposition 5.1. There is a unique algebra morphism from U^L^ to FO, send- 
ing ej[0] to e FO ai , for any <fi in /C and i = 1, . . . , n. i/ere £/ie 6aszs 
vector of N n . 

Proof. The fact that the vertex relations are sent to zero is immediate; the fact 
that the quantum Serre relations are sent to zero follows from the identities (26). 

□ 

Define (LV) as the Radically complete subalgebra of FO generated by the 
FO at ,i = 1, . . . ,n. 

For A in A and % in {1, . . . , n}, define endomorphisms Si[X] of FO as follows: 
for / G FO k , Si[X](f) belongs to FO k and 

/ n kj \ 

{smm^-M = EE(^ A )(4 J) ) f^-M- 

\j=i k=i j 

The Si[X] define commuting derivations of FO, which preserve {LV). 

Define V and S as the semidirect products of {LV) and of FO by this com- 
muting family of derivations. Explicitly, we have 



f,i = 1,... ,n, a > 0]/(h N 

] S ,i = l,... ^^"^ 
and the product maps are defined in V and S by 



V = \im(LV) ®C[hi[\ a ] s ,i = l,...,n,a> 0]/(h N ), 
S = limFO <g> C[/ii[A a ] 5 , i = 1, . . . , n, a > 0]/(h N ), 



j2 iM®nn^t A J 5 ) nM e iM^nn^'W 5 )^' 

v ra(i,a)>0 i a / \m(i,a)>0 i a 

e ^ n n w^v.)) ® n n< w 5 ) n(i,a) ^ (i,a) - 

n(i,a),m(i,a)>0 i a i a 
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V is then a subalgebra of S. 

Define 1^ as the complete left ideal of S generated by the hi [X a ] ,i = 1, . . . ,n, a > 
N. 

Define a topological Hopf algebra structure on S as follows. Let us set K~(z) s = 
exp(hJ2 a hi[\ a ] s r a (z)), and for e in JC, let us set 

(Kry^f = Eres^a^) 5 ]- 1 ^)^))- 

ses 

There is a unique algebra morphism A5 from from S to lim + _^ m (<S ® <S)/(<S <g) 
In + ^ m <S ® <S), such that Let us set 

A s (h i [X] s ) = h i [X] s <S>l + l<S)h i [X] s 



for A G A, and for P G FO k , A S (P) = E k '+k»=k A 5 ' k CP), wh ere 

JV' 



JV' 



P!(u N , +1 ,...,u N )H(K; {i) )- i [6^ 



i=l 



we set 

n 



N' = J2 ^ u Y.^k' J+ i = *! W for / = 1, . . . , k' a , u NI+ ^-i k n +l = t" {(7) for / = 1, . . 
i=\ 

where the t'a^ and t'a^ are the analogues of the variables for the first and 
second copy of S, and we set 

E P 'v{ V ^ • • • > UivO-^'^JV'+lj • • • > ^) 

= P(*!, . . . ,t N ) Yl ^(i)^))^,^)" 1 , 

i=l,...,iV'J=iV'+l,...,jV 

where we recall that ^y^- 1 = 4°^ for / = 1, . . . , and we set v^"- 1 k'.+i = 4°^ 
for I = 1, . . . , = for * = • • • ' K and a (EJ=i k j + = 

a(A^'+Ej=i k"+l') — a a for Z = 1, . . . , A£ and /' = 1, . . . , A;", and (ctj, <x,-) = djOjj. 

A 5 defines a topological Hopf algebra structure on S; V is then a Hopf subal- 
gebra of S. 

Let us define f/^0 + as the quotient of the subalgebra of U h Q generated by K, 
the foj[A],A G A and ej[e],e G /C, by the ideal generated by K. The opposite 
coproduct A' to A induces a topological Hopf algebra structure on Uf$ + . The 
map x i)0l 1— > /ij[A a ] composed with the product map defines a topological C[[/l]]- 
module isomorphism between liim_jv{C[xj iQ ,, i — 1, . . . , n, ct > 0] <E> UnLn + } / (h N ) 
and U h g+. 
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Moreover, the map p : Ut$+ — > V defined by p(hi[X]) = hi[X] s , p(e,[e]) = e G 
FO Qi is a morphism of topological Hopf algebras from (Ur$ + , A') to (V, Ay). 

Let us denote by g + the Lie subalgebra of a © /C equal to (() © A) © (n + © f)). 
The specialization /i = in the quantum Serre relations (26) yields the usual 
Serre relations, therefore Ung+/hUng + is isomorphic to the cocommutative Hopf 
algebra Ug+. Moreover, the grading of a by the lattice of roots induces a grading 
of g + by the same lattice. 

V is a torsion-free, ft-adically complete C [[h]} -module, it is therefore topolog- 
ically free over C [[h]}. Moreover, Vo = V/hV is a cocommutative Hopf algebra, 
and p induces a Hopf co-Poisson algebra map po from Ug + to Vo- Let i be the in- 
tersection Ker(po) Hg + . i is a graded Lie algebra ideal of g+, so g+/i has a graded 
Lie algebra structure and Vo is isomorphic to the enveloping algebra U(g + /i). 
One also checks that the intersection of i with the homogeneous parts of g + of 
principal degrees zero and one, are zero. 

Moreover, Po|i + induces also a Lie bialgebra map from g + to g + /i. It follows 
that the dual map £>o|g + ^° Po\g+ induces a Lie algebra map from i 1 - to g+. But 
g+ is isomorphic to the opposite Lie algebra to g_ = (f) © i?) © (n_ © /C). g_ is 
generated by its homogeneous parts of principal degrees zero and one, and the 
restriction of £>o|g + ^° these degrees is an isomorphism, therefore the image of Po|g + 
contains these homogeneous parts of gl. It follows that Po|g+ * s surjective, so Po|g+ 
is injective. Since Po\g + is obviously surjective, it is an isomorphism. Therefore 
i = 0, Vo is isomorphic to £/g + and po is an isomorphism. Now p is a morphism 
from a ft-adically complete C[[ft]]-module to a topologically free <C[[h]] -module, 
which induces an isomophism between the associated C-vector spaces, therefore 
p is an isomorphism. □ 

5.2. PBW theorem for U h g. 

Proposition 5.2. There are unique algebra maps i + , io and i_ from Un,Ln + , Uni) 
and UfrLxi- to ling, such that 

H(e#]) = e40], i Q {hi[<i>]) = htWMD) = D,i (K) = K, i-(fi[4>}) = /#]■ 

The composition of the tensor product i + © i® © z_ of these maps with the product 
map in U^g is an isomorphism of C[[h]]-modules from lim^Ar(f/^Ln + © lint) © 
U h Ln-)/(h N ) toU h g. 

Proof. Let U^g' and UnLty the analogues of the algebras with the same genera- 
tors and relations as UnQ and Uni), except for generator D. Assume that we have 
proved the analogue of the statement for U^g' . Then one checks that there is a 
unique derivation D oiling', such that D(K) = 0, D(hi[r}) = h^dr], DdKr)- 1 ^}) = 
the right side of (|33|), D(ef[e\) = the right side of (|37|), for i = 1, . . . , n, r e R, X e 
A, e e /C. Then U^g is isomorphic to the semidirect product of U^g' with D; this 
implies the triangular decomposition for U^g. 
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Let us prove triangular decomposition for U^g'. Let us denote by c the com- 
position of the algebra maps Uf i Ln± — > U^g' and L^Lf)' — > U^g' with the product 
map. Using relations (|36|), one can reorder any monomial in the generators of 
Uf t g as a sum of monomials in the image of c, therefore c is surjective. 

Let us construct a left Verma module V + and a right Verma module V- over 
Ung' as follows. Define Un,Lb + as the algebra with generators K, eje] and /ije], i = 
1, . . . ,n,ee/C, and the relations of UnLty, those of ?7^Ln + , ( |34D and [if, eje]] = 0. 
The composition of the obvious morphisms with product in UfrLb + defines an 
algebra isomorphism of linu-Ar UnLh,' ® UfrLxv + /{h N ) with UnLb + . 

As a C[[ft]]-module, V + is isomorphic to UnLb+. The action of generators 
ej[e], /ii[ e ] an d K °f ^fl' on ^+ i s ^ ne same as left multiplication in UnLb + . The 
action of /j[ e ] on the element K a Yl s =i hi s [ e s] rC=i e jt [Vt] of V+ is given by 

(I m \ I r t-i 

K a n k [c j n e * ^ = e e ^ a n ^ ^ -f n ^ m 
s=l i=l / JC{1, ...,/} t=l sGJ f=l 

m 

{(*r)- i [(?- ,ra »*)e n ^(c)]-!^^ n r «.( £ .)i} n 

se{i,...,z}\j se{i,... t'=t+i 

one checks that this is a well-defined endomorphism of V+ (i.e. the endomorphisms 
of the free algebra defined by the same formulas preserve the ideal defining UnLb + ) 
and that it makes V + a left L^g'-module. 

As a C[[ft]]-module, V- is isomorphic to V^Lw,-. The action of the generators 
fi[e] of U%g' coincide with right multiplication in [/^,Ln_. The right actions of 
K, hi [e] , ti [e] are given by xK = for x G V- , 

: \ i 2 

V<r=l / cr=l <r' = l o-'=(T+1 

vcr=l / cr=l \fc=l 

(7—1 (7—1 (7—1 (7 — 1 2 

k=l k=l k=l k=l a'=a+l 

where we use the notation res^gg for Y^ses TeSz=s - 

Define 1± as the vectors of V± corresponding to 1 in UfrLb + and Uft,Ln_. Con- 
sider now the sequence of maps 

\imU n Ln+ ® U h L\)' ® U h Ln^/(h N ) -> -> limbs' ® U h tf /U h g' ® I N 
-> limEnd(\/+) <g> End(Vl) opp /(n iV ) -> lim V+ ® V-/(h N ) 



lim <g> U h Ln-/(H 
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where the maps are c, the coproduct A, the tensor product of the module struc- 
tures on V + and on V_, the action on 1 + (g) 1_ and the isomorphism maps 
V+ — > UfrLb + and V- — > UftLn-. The composition of these maps sends x + (E)Xo®X- 
to x + Xq ® x_ and is therefore injective. It follows that c is also injective. □ 

5.3. Regular subalgebras. Define Lrf^ 1 as the Lie subalgebra of Ln + equal to 

n + <g> R. 

We will define UfiLn™* as the ft-adically complete subalgebra of Un,Ln + gener- 
ated by the Ci[r], i — 1, . . . ,n, r e R. 

Proposition 5.3. U^Ln ^ 1 is a divisible subalgebra ofU h Ln + , and U^Lix ^ / hU h Ln 
is isomorphic to ULxf^ t . 

Proof. Let A + be the set of positive roots of n + . For any (3 G A + , let eg be a 
nonzero vector of n + corresponding to (3. We may assume that when (3 is a simple 
root aj, ep coincides with the generator e"j, and that when (3 is arbitrary, e@ has 
the form [e^, [e i2 , • • • , [ei i) , /3) _ 1 , e ib(/3) ]]], for some integer &(/?) and some sequence 
(z'l, . • ■ , i b (j3)) in {1, ... , n} fe(/3) , depending on /?. 

Then there are numbers Np$i such that [eg, e^] = Np^iep+pt if /3 + /?' G A + 
and [eg, e^] =0 else. 

For /? a nonsimple root of A + and r e R, define ep[r\ as the element of UnLn™* 
given by 

e p [r] = [e n [l],[e J2 [l],--- , [e^_ Jl], e^ [r]]]]. (40) 

Lemma 5.1. The ep[r] defined by are such that for any (3,(3' G A + and 
r, r' G R, we have 

[ep[r], epVW e %e/vW + (41) 
[e /9 [r],e /9 /[r / ]]e/iZ7 ft Ln? ,i (42) 

e/se. 

Proof of Lemma. We will show this in the case a = SI3, the general case being 
similar. Assume that we define e ai+ol2 as [e"i,e"2], so 

e Ql+a2 [r] = [ ei [l],e 2 [r]]. (43) 

We define the following order on the positive roots of s^: a\ < a± + a<i < a<i. It 
is clearly enough to prove ([0]), fl42| ) in the case (3 < (3' . 

For r,r' in R, [r(z)r'(w) — r'(z)r(w)]q2(w, z) is an element of (r ®r' — r' (g)r) + 
h(R®R)[[h]\. Let us express it as {r®r'-r'®r) + Yln>i,a,a>>o ft n A n ;a,a'{r,r')r a ® 
r a >, where the maps (r, r') 1— > ^ a a , >0 v4 n . a a /(r, r')r a ® r a / are bilinear maps from 
Rx Rto R®R. Equation implies that for any element <p(z, w) of R®R, van- 
ishing on the diagonal of C x C, and z = 1, 2, we have <p(z, z)ei(z)ei(z) = 
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<fi(z, w)q 2 (z, w)ei(z)ei(z). Set (ft = r <g> r' — r' £g> r and pair the resulting equality 
with 1 <g> 1 (for ( , ) k ®k.)- We get 

[eiH,e<[r']] = - h n A n , a ^ r')ei[r a ] ei [r a /]. (44) 

n>l,a,a'>0 

This proves ( pSD in the case /3 = /3' = aj, i — 1, 2. 

There exist two sequences of bilinear maps 5 n and C n (n > 1) from R x R to 
R ® R, such that 

[r(z)r'(w) — rr' (w)]qti{w , z) = [r(z)r'(w) — rr'{w)} + K n B n (r, r'), 

n>l 

[r(z)r'(w) — rr'(w)]qti(ZiVj) = [r(z)r'(w) —rr'{w)} + S ^h n C n {r,r'). 

n>l 

We will write B n (r,r') = J2 a , a >>o B n-, a ,a>(r, r')r a ®r a >, C n (r, r') = J2a, a '>o C n;a, a '(r,r')r a ® 
r a i . The identities (|38| ) imply that for a function of R £g> -R, vanishing on the 
diagonal of C, we have </>(z, w)<7+i(w, z)ei(£)e 2 (i<;) = (f>(z,w)q^ 1 (z,w)e 2 (w)ei(z). 
Set (j)(z,w) = r(z)r'(w) — rr'(w) and pair the resulting equality with 1 <g> 1; we 
obtain 

[ei[r],e 2 [r / ]] = [ei[l], e 2 [rr'\] + ^ ^ ri {C n;Qia /e 2 [r a /]ei[r Q ] - B ri . a ^,ei[r a }e 2 [r a >}} 

n>l;«,Q!'>0 

ei[r a ]e 2 [r a /]}, 

n>l;a,a'>0 

by fl4"B|), which proves (^Tj) in the case /3 = «i, /?' = a 2 . 
One of the quantum Serre relations is written 

Ae 1 (zi)e 1 (z 2 )e 2 {w) + Be x {z 1 )e 2 {w)e 1 {z 2 ) + Ce 2 {w)e 1 {z 1 )e 1 {z 2 ) (45) 

+ A'e 1 (z 2 )ei(zi)e 2 (w) + S / ei(2 2 )e 2 (w)ei(2i) + C"e 2 (w)ei(z 2 )ei(zi) = 0, 

where A, . . . ,C are functions of (zi, z 2 , w), A, C, A', C belong to l+/LR® 3 [[7i]] and 
B, B' belong to -2 + HR® 3 [[H]]. Let us expand A, . . . , C as A = 1 + J2 n >i ftn An 
etc., with A n e R® 3 , and write A n = Y, a , a ',a">o A n;a,a',a"r a <8> jv <g> r a «. Pairing 
(45) with r(zi)r'(w), we get 

[ ei [r], [ ei [l],e 2 [r']]] = -^[1], ei [r]], e 2 [r']} - ± £ ft« (46) 

n>l,a,a',Q!">0 

(A n;Q)Q: / !Q ,//ei[rr a ]ei[r a /]e 2 [rV a //] + S n;Q)Q: / iQ ,//ei[rr Q! ]e 2 [rV a »]ei[r Q! /] 
+ Cn;a, a ' ! a»e 2 [rV a »]ei[rr a ]ei[r a /] + ^ ;aia / iQ //ei[r Q /]ei[rrJe 2 [rV Q »] 

+ 5 n;a,a',"" e l[ r °'] e 2[ r/r °"] e l[ rr °] + C 'n;a,a' ,a" e 2 [r'r^e^ [r^d [rrj) . 

In view of (f44|) for z = 1, this proves (|42|) when (3 = a\ and /?' = «i + a 2 . Using 
the other Serre relation, one shows that 

[ea 1+ aAr],e 2 [r']] efil/^nf , (47) 
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that is fl42|) when (3 = a\ + a 2 and (3' — 

Applying [e x [l], •] to (p|), we find that [e ai+aa [r], e ai+Q , 2 [r']]+[[ei[l], e Q1+a2 [r]], e 2 [r')) G 
hUnLn^. (46) then implies that [e ai +« a [r],e ai+aa [r / ]] G W h Ln™\ that is §2|) 
for /3 = = cti + a 2 . □ 



End of proof of Prop. [g[J . Let us denote by M the set of maps n from A + x N 
to N, which are zero except on a finite subset of A + x N. Let us fix an order on 
A + x N and set 

(e„) ne M = [ II II e pK]- iM ]neM (48) 
/3eA + q>0 

and show that ( |4"8"| ) topologically spans f/^Ln° u *. 

For this, start from a monomial in the ei[r], i — 1, . . . , n, r G R and operate in 
the same way as one does for h = (transforming non-well ordered monomials 
using commutation relations). By Lemma |5.1] , the result will be the sum of a 
linear combination (with coefficients in C) of elements of the family (f4"8"D, and of 
an element of KUnLxf^ 1 . Decomposing this element as a combination of monomials 
and repeating this procedure, we find that any element of UnLxi™ 1 is the sum of a 
series X^n>o ^™ SneM a n,n^n, where for fixed n, all the (ffl n ,„)„ 6 M are zero, except 
for a finite number of them. 



On the other hand, it follows from Thm. |5.1| that (f4"8|) is a topologically free 



family, therefore (|48| ) is a topological basis of UnLn + . This proves Prop. |573[ □ 
We defined the Lie algebra g is section ^. 

Proposition 5.4. L^g is a topologically free, complete C[[h]]-algebra, andUrs/hUnQ 
is isomorphic to Uq. 

Proof. Let M' (resp., P') be the set of maps from A + x Z (resp., {1, . . . , n} x Z) 
to N, which are zero except on a finite subset. Define, for e G /C and b&ta G A + , 

e/jH = k[l],[e i2 [l] ) ---[e is _ 1 [l],e is [e]]]] ) /,[e] = [Ajl], [/ fa [l], ■ • • [/^[l], f is [e}))} 

(see Lemma |5.1|) and fix orders in A + x Z and {!,... , n} x Z. 



The analogue of Thm. RTTJ for [T^Lti- and Prop. |5.2| imply that 



/3eA + ,aeZ i=l,...,n,a€Z /3eA + ,aeZ 



is a topological basis of L^g. This implies the first statmement. The second 
statement follows from the fact that the specialization h = in the relations 
defining Un,Q yields the relations defining Ug. □ 

Recall that g out is the Lie subalgebra of g equal to (a ® R) © CD. 
Define now UnQ out as the Radically complete subalgebra of U^g generated by 
D and the ejr], /j[r] and /i»[r], i = 1, . . . ,n, r <E R. 
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Proposition 5.5. UnQ out is a divisible subalgebra ofUnQ, and UnQ out /KUhQ out is 
isomorphic to Uq 



out 



Proof. Let us denote by P the set of maps from {1, . . . , n} x N to N, which 
are zero except on a finite subset. Let us first show that 



]m(/3,a) 



I] e p [r a }^D a JJ K[r a p' a) J] f p [. 

PeA,a>0 /3gA, t >0 /3eA,a>0 / a G N,n,m G A/,pG^ 49 ) 

topologically span UnQ out - For this, start from any monomial in the generators of 
UfiQ out . The triangular relations 

MAMA] = 0, [hi[r],ef[r'}} = ±ef[T ij {r)r'l [ e ,[r], £[r']] = ^K+[rr'], r,r' G R 

(recall that ef = e^, ff = fa) allow to express it as a formal series in h, whose 
coefficients are linear combinations of ordered monomials of the form 

fleMD^hMflhM'}. (50) 

s=l t=l 1=1 

Now Prop. |5.3| , the analogous statement to this Proposition for the subalgebra 
UftLxf^ 1 of UfiQ generated by the fi[r],r G R and the relations [hi[r], hj[r')) = 
allow to express any ordered monomial of the form ( |50|) as a series in h, whose 
coefficients are linear combinations of monomials fl49|). This shows that (49) 
topologically spans UfrLn™ 1 . 

Moreover, since (|49|) can be completed to a topological basis of UnB, it is a 
topological basis of Un,B° ut -, and Un,B° ut is divisible in UnB- 

It follows that UnB° ut /KUnB° ut is equal to the image of UnB° ut by the projection 
map UhB — ► Uhb/KUhB = Ub, which is equal to UB° ut - □ 



6. The pairings ( , ) UhS± and ( , )^ g± 

Define Un,B+, UhB+ as the subalgebras of UnB generated by D, the hi[r],i = 
1, . . . ,n, r G R and the ef[e],i = 1, ... ,n, e G /C; and define U^B-.U^B- as 
the subalgebras of Un,B generated by K, the hi[X], i = 1, . . . , n, A G -R and the 
e TM^ = !,••• ,n,e G /C. 

Recall that a Hopf pairing between two Hopf algebras (B, A B ) and (C, Ac) is 
bilinear map ( , ) from B x C to a commutative ring over their base ring, 
such that for any b G B,c G C, 

(b, cc') BxC = J>« c) BxC (&( 2 \ c') BxC , (W, c) BxC = c (1) )bxc(&' c^) BxC , 

where A B (&) = E ® &(2) and A c (c) = J]c (1) ® c (2) . We denote by A' the 
composition of a coproduct A with the permutation of factors. In Section ^|, we 
defined two pairs of supplementary subalgebras (g+,g_) and (g + ,g_) of g. 
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Proposition 6.1. Ung± and UnQ± are divisible subalgebras ofUnQ, and the quo- 
tients UhQ±/foUf l Q± and UnQ±/hUnQ± are isomorphic to Uq± and Uq±. 

Moreover, (UnQ+, A) and (UnQ-, A) are topological Hopf subalgebras of (ling, A). 
There is a unique Hopf algebra pairing ( , )u hS ± '■ UnQ+ x UnQ- — ► C((/i)) between 
(UnQ + ,A) and (U h g^, A'), such that 

( e M, fAv])u h9± = y(e,77>jc, (M r ]> ^[A])f/ Rfl± = ^(Tij(r), \) K , (D, K) UhS± =J, 

for e,r] G /C,r G -R, A G = 1,... ,n, and the other pairings between the 

generators of UnQ+ and UnQ- are zero. 

In the same way, (E/r0+, A) and (UnQ-, A) are topological Hopf subalgebras of 
(UhQ, A), and there is a unique Hopf algebra pairing ( , )u h g± '■ UhQ+ X L^g_ — > 
C((H)) between (C/ftfl+, A) and A') ; siica iaa£ 

(/i[ e L e iW)t/ s j± = -f(^v)ic, {hi\ r l h A X ])u h - s± = ft(Tij(r),\) K , (D,K) Uh - s± = -, 

e, 77 G /C, r G i?, A G A, i, j = 1, . . . ,n, and the other pairings between the genera- 
tors of UhQ+ and U^Q- are zero. 

Proof. Let us denote by UhQ the free algebra with the same generators as 
UfiQ, and coproduct A given by the formulas defining A. Define Uj$± as the 
subalgebras of U^g with the same generators as Un$±. Uf$± are Hopf subalgebras 
of (Ufig, A) and there is a unique Hopf pairing between (U^g + , A) and (Uf$_, A'), 
defined by formulas (5IQ. Computation shows that the ideals generated by the 



relations defining U^q± are contained in the kernel of this pairing. The argument 
is the same in the case of UnQ±. □ 

Proposition 6.2. The pairings ( , )u h g± an d ( > )u h g± are nondegenerate (i.e., 
(C/ R0± ) ± = and (C/afli) 1 = 0/ 

Proof. Define Uni)+ as the Radically complete subalgebra of UnQ+ generated 
by D and the hi[r], r G R, i — 1, . . . , n, and by U^i)- as the Radically complete 
subalgebra of U^Q- generated by K and the hi[\], X E A,i = 1, . . . ,n. 

Inclusion followed by multiplication induces isomorphisms between the com- 
pleted tensor products \im^_ N Uj l i)± <S> Un,Ln±/(h N ) and Uf$±. Moreover, the 
image of ( , )u h g± by the product of these isomorphisms is the tensor product of 
its restrictions (, )u h *>± and (, )u h Ln ± to U h f)+ x U h \)- and U h Ln + x U h Ln-. 

It is easy to see that the pairing ( , )u h t)± * s nondegenerate. Let I^k be the 
left ideal of Uf^)~ generated by the hi[z l ),> k. The pairing ( , )u h t)± defines a 
canonical element of linu-Tv linu-fc UtJ)+ <%> Unf)-/ (Urfo+ ® I$,k + h, N Uni)+ ® UffyJ) 
equal to 

R h = q mK ex V (h J2J2 h ^ r ^ ® h ^ 
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Let us show that the pairing ( , )u h Ln ± is nondegenerate. Let U- be the 
free algebra with generators /i[ep J ree \ e G /C, % — 1, . . . , n and relations /j[Ae + 
e /](/ree) = \f.[ e ](free) + /. [e'] (/*•«>) , for A 6 C,^ G IC,t = 1,... ,fi. There is a 
unique pairing 

such that 

(-P, /u[ei] (/ree) • ■ ■ fi N [ e N] ifree) )u+xFO- =5 k yN s res Mjve5 • • -res UieS 

P(tl, . . . ,tjv) Y[ ( lt l i l ,( U l'' U l) e l( U l) ■ • - e iv(W7v)^(wi) ' • -U(U N ) 
KV 

where we set U 1+ ... + i a _ 1+ j = tj for a — 1, . . . , n and j = 1, . . . ,i a , and m s 
t^+i, where v s is the number of indices t such that t < s and i t = i s . 



The two-sided ideal /_ of LL generated by the crossed vertex relations (27) 
and (|28|), and the Serre relations (29) is contained in the kernel of this pairing, 
so ( ? )foxU- induces a pairing ( , )FOxu h Ln- between FO and UnLxi-. On the 
other hand, the proof of Thm. implies that the morphism from UnLn+ to FO, 
sending ej[e] to e G FO ai , is an isomorphism. Via this isomorphism, ( , )FOxu h Ln- 
identifies then with ( , )u h Ln ± - 

On the other hand, if / is a formal series in C((ti)) . . . ((%)) such that for any 
uj l7 . . . ,u n in C((t))dt, res tjv65 - • - res tie5 (/u;i(ti) • --uj N (t N )) = 0, then / is zero. 
It follows that the annihilator of LL for ( , )foxU- is zero. So the annihilator of 
UfiLn_ for ( , )u h Ln± is also zero. In the same way, one proves that the annihilator 
of Un,Ln + for ( , )u h Ln± is zero, therefore ( , )u h Ln ± is nondegenerate. □ 



out 



7. The annihilator of U h Ln± 

Lemma 7.1. The restrictions to Un,Ln + ® UfrLn- of ( , )u hS ± and ( , )u h g± 
coincide. 

We will denote by ( , )u h Ln± the restriction of any of these pairings to UfrLn + x 

The aim of this section is to compute the annihilator of UnLn™ 1 for this pairing. 

Let us set, for x in Un,Q+, o~i(x) = x, £2(2) = A(x) — x ® 1 — 1 <S> x + s(x)l, 
and 5 n = (62 <S> idfj™~^) o 5 n -\. 5 n is a linear map from UnQ+ to UnQ% n , and its 
restriction to UfrLx\. + maps to UnLn + ®UnQ% n ^ 1 ■ 

Let us define U' QSFH as {x G U h g + \\/n > 0,8 n (x) G h n U h gf n }, and U® FSH 
as U' QFSH fl UfiLn + (see [[Lj, Sect. 6). Let us define f, resp., g as the ft-adic 
completions of the C[[ft]]-Lie subalgebras of UnQ+ generated by the e$[0], z = 
1, . . . , n, G /C, resp., by f and the /i«[r], r G -R. The map mod h~ : f/^g + — > {7fl+ 
induces surjective C-Lie algebra maps from g to jj + and from f to Ln + . Let e a 
be an element of n + associated with the root a. Let us fix a C- linear section a 
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of the first map, such that for a in A + , r in R, a(e a <S> r) belongs to UfiLn™* and 
denote by Ln + and g + the ft-adic completions of the C[[ft]]-submodules of UnLn + 
generated by <r(f) and cr(g). 

Let us denote by Ao and A the ft-adic completions of the subalgebras of UfrLn + 
generated by HLn + and M. Denote by A' Q and A 1 the ft-adic completions of the 
subalgebras of Un,Q+ generated by h~g + and kg. 

Lemma 7.2. We have A = A= U QFSH , and A' = A' = U' QFSH . 

Proof. We will prove the first chain of equalities; the proof of the second one 
is similar. For this, we will show the inclusions Ao C A C JjQ FSH c Ao. 
The inclusion Ao C A is clear. Let us show that 

5 2 (f) c ( h i+3 -H^®^ 3 ) compl . (52) 

i+j>l 

(|52|) means that for any x in f , we have 

A(x) Gx®l + l®i+(J] H i+j - 1 f^ i ®g^ j ) compl . (53) 

i+j>i 

It suffices to show (1531) for x a Lie expression in the ej[0]. We then work by 
induction on the length of x. (^3J) is obvious for x = ej[0]. Assume that fl53"| ) is 
true for x and y, then A([x, y}) = [A(x),A(y)] is contained in the space 

[x <g> l + l <g> x + ( h i+j ~ l f- i ®g- j ) comp \ y ® l + l ® y + ( ^ +i_1 f- i ®g- j ) comp 1- 

i+j>l i+j>l (54) 

Since [x,f^\ C f^, [x,g^] C g^', [f^,f^'] C f^'" 1 , [g^,g^] C g^ 4 *' -1 , the 
space ( |5l| ) is contained in 

[ar,j/] ® 1 + 1 ® [ar,y] + ( ^ ^+i-if<* < g, g <i)^. 

i+j>l 

This implies (|53j) and therefore (|52]). 

It follows then from (|5^) that for any n > 1, we have 

(5 2 (f^ n ) C ( ^ ff+j-nf<i® g <j}compl (55) 

It follows then from (|55|) that we have, if 1 < A; < n — 1, 

\ compl 

and then that if k > 

5 n+k (f C fr fc+ *f ^Efaf fc - 1 )™^. (56) 

i>0 

The inclusion 

S k (h n ^ n ) c ^f4 f 
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is evident for k < n, and it is also true for k > n, by ([56]). It follows that h n f- n 
is contained in JJ® FSH , therefore A C JJ QFSH . 

Finally, let x belong to [jQ FSH , Assume x is nonzero. Let k be the ft-adic 
valuation of x. Let us set x = H~ k x mod H\ x belongs then to U Ln + . Let us denote 
by (ULn + ) p the subspace of ULn + spanned by the products of < p elements of 
Ln + . There is a unique integer p such that x belongs to (ULn + ) p \ (ULn+) p -i. 

Let Sn^ be the classical limits of the maps 5 n . 8n are maps from ULn + to 
(t/Ln+)® n , defined by 5 t = id Ua , S^^x) = A ra ^(i) - x 01 - 10 x + e(x)l, 
5^ = (gid®»^) o5® v We have Ker(4 0) ) = (ULn + )< p _ u and the restriction 
of 8p to (C/Ln + )<p/([/Ln + )< p _i is injective. 

Therefore, 5p (x) is a nonzero element of (ULn + )® p . The fact that x belongs 
to U® FSH then implies that k > p. 



Let us now show that JJ QFSH is contained in (^ p>0 H p Ln+ y om P l , For x as 

' P — h 

above, let y belong to Ln + be such that y mod H — x. Then x — H y belongs to 
jjqsfh an( j j-^g ^_ ac [j c valuation > fc. Repeating this reasoning, we express x as 

a formal series in (J2 p>0 H p Ln + ~ y° m P l . Therefore JJ QFSH C Aq. It follows that 
A = A = U^ FSH . " □ 

Proposition 7.1. JjQ FSH is a h-adically complete topologically free subalgebra of 
UfiLn + . The smallest divisible submodule ofUn,Ln + containing jjQ FSH is UfrLn + 
itself. 

Let S[[Ln + ]] be the completion of the symmetric algebra S(Ln + ) with respect 
to the topology defined by the ideal (B i>0 S l (Ln + ); S[[Ln + }] is equal to the direct 
product Yli>o S l (Ln + ). Set 

e a [</>] FSH = theclassof ha(e a 0(j)) in U QFSH /hU QFSH , 

for any a in A + and <p in K. There is a unique algebra isomorphism i a : 
S[[Ln + ]] -> u QFSH /hU QFSH sending e a ® to e a [<P} FSH . 

Proof. UfrLn + is a topologically free, countably generated C[[^]]-module, and 
tjQfsh j g a com plete C[[^]]-sub module of UnLn + . It follows from e.g. [§], Lemma 
A. 2 that JJ QFSH topologically free and countably generated. The second state- 
ment follows from Thm. |5.1| . 

We have [f <™, f < m ] C i< n + m ~\ Therefore, [A, A] C HA. It follows that A/HA 
is commutative. 

Therefore, there is an algebra morphism j from S(Ln+) to [/Q FSH /HU® F 
defined by j(e a (B)<j)) = the class of Ha(e a ®(p). Since U® FSH is ft-adically complete, 
j can be prolongated to an algebra morphism j from S'[[Ln+]] to JJ® F /HU® F . 

It follows from Thm. |5.1| that a topological basis of Aq/HAq is formed by the 
products {IlaeA + iez( e a[ z% ) FSH ) i n(a, i) > 0} (here topological means that 
Ao/HAo is complete with respect to the topology defined by the ideals generated 
by the e a [<f>], <p G z^C^z]]). Since A = U^ FSH , j is an isomorphism. □ 
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Lemma 7.3. The restriction ( , )uQP3H xU%Ln _ of ( , )u h Ln + xu h Ln_ to U QFSH x 
UfrLn^ has values in C[[ft]]. 

Proof. For any i = 1,... ,n and in K, we have (ei[(j)},U h Q_) UhLn+xUhS _ C 
■|C[[ft]]. On the other hand, if x and y in UfrLn + are such that 

(x,U h Q_) UhLn+xUhS _ c -C[[ft]] and (y,U h g^) UhLn+xUhS _ c ^C[[/i]], 

then for any zmU h Q-, ([x, y), z) UhLn+xUhS __ is equal to (x<$y, (A-A r )(z)) UhLn+xUhg _, 
and since (A - A')(U h Ln + ) C h(U h g+®U h g + ), ([x, y], z) UhLn+xUhS _ is in |C[[fr]]. 
It follows that (f, U h g.) UhLn+xUhB _ C \C[[h}}. Since U QFSH = A, we get 

(U QFSH ,U hQ .) UhLn+xUhS _cC[[h]]. 



□ 



Let m.QFSH and mg m be the maximal ideals of JJ QFSH and JJ' QFSH . We have 
= (E„>o m^r mvl and m' QFS „ = (£ n>0 ^g<™)-^. 

Let and i'® FSH be the right ideals of JJ QFSH and U' QFSH generated by 

the He a [4>], with a G A + and G r^Cffz]] . 

Then (|55|) implies that the restriction A\ UhLn+ of A to Un,Ln + induces a map 
A UQFSH : 17«™ - lhm_ n V*™* ® U'l FSH /(Z p+q=n m p QFSH ® mg F5H + i„ ® 

U'QFSH + JJQFSH ,g j/ \ 

Let us denote by m and m' the maximal ideals of S'[[Ln + ]] and S[[g + ]], and 
by i n and the ideals of if>[[Lti+]] and 5*[[g + ]] generated by the e a [0],0 G 
z^C^]], then Ajjqfsh induces an algebra morphism Afsh from S'ffLn+j] to 
linw£[[Ln + ]] ® S[[g + ]]/(£ M)P+g=J X ® < + i n ® S[[Ln + ]] + S[[Ln + }} ® £). 

Define A^ SH as the composition (id ® 7r) o Afsh> where 7r is the morphism from 
jjiqfsh i jjjjiQFSH to tjQfsh / m qfsh ^ sending each e a [0] FS ^ to e Q [0] FS " and 

to 0. 

Then Ap SH induces the structure of ring of a topological formal group on 
5[[Ln + ]] (again topological means that the tensor powers of S , [[Ln+]] are com- 
pleted with respect to the topology defined by the i n ). 

We have then 



^FSH(e a [t n } FSH ) = e a [t n ] FSH 1 + 1® e a [t n ] FSH (57) 
+ E E KWi), n, h)e ai [&] FSH • • • e Qp [&} FSH 

®e ap+ At h ^] FSH ---e aq [t k *] FSH . 
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It follows from the identities (x, fhi[(f>])uQFSH xULlu _ — when x G JJ® FSH and 
/ G Uq- that ( , )u® FSH xULn- satisfies the Hopf pairing rules 

(XX', f)uQFSH xULn _ = y]{x, f^)uQFSH xULn _ (x', f^)uQFSH xULn _, 

(x, fg)uQ FSH xULn- = ^ > /) uQfsh x ULn _ (x (2) , g) jjqfsh x ULn _ ■ (58) 

(57) and (58) then imply that 

(S ,n [[Ln+]], {ULn-)< n -i)uQFSH xULn _ = 0. 

A topological basis of ULxi- is the family (Ti a eA iez fai 6 *]™ 1 *'*) where the all 
but a finite number of n a ^ are zero. Let us set S' >fc [[Ln + ]] = Yli>k ^[[-^ n +]]> 
S^ k [[Ln + ]] = Ui>k Sl [[ Ln +\] ■ There exist ^,0 in S > ^ n ^[[Ln + }], such that the 
dual basis of (U aeA+>ieZ /<,[<*]"«■') is (Il ae A +) i6z( e a[ e< ] FSH ) na ' i + ^(n.,o)- 

It follows that the annihilator of ULxf^ 1 is the span of all riaeA + j e z( e a[ e *] F ' S '' f/ ) nQ ' 4 + 
</>( na .) where n a; j is nonzero for at least one i < 0. 

On the other hand, the Hopf pairing rules imply that X]i<i< n rei? e i[ r ]UnLn + is 
contained in the annihilator of UfrLn™ 1 for ( , )u h Ln±- The former space is also 
EaeA + ,rei? (T ( e « ® r )^n+, therefore J2 a eA+,reR e ct[r] FSH S[[Ln+]\ is contained 
in the annihilator of ULn™*. 

Proposition 7.2. The spaces UfrLxv ^ 1 and^ 1<i<nr£R ei[r]Ut i Ln + are each other's 
annihilator s for the pairing ( , )u h Ln±- 

Proof. Let us denote by (U h Ln™ t ) 1 - the annihilator of UnLn™* in U h Ln + . We 
want to show that it is equal to J2i<i< n reR e * M ^-^ n + • 

Let us fix x in (Uf i Ln out ) ± . Assume that x is nonzero and let j be the integer 
such that h j x lies in U QFSH \ HU QFSH . Then ft? x mod ft lies in 5[[Ln + ]] and 
is the annihilator of [/Ln° u *. Let p be the smallest integer such that ft?x lies in 
S'- p [[Ln + ]]. Since (H j x mod h) mod S'- p+1 [[Ln+]] is also in the annihilator of 
ULn™ 1 , it is a linear combination of classes modulo S'- p+1 [[Ln + ]] of products of 
the form n^-oo Yl a eA + ( e oc[ l£l '] FSH ) na ' i where n a>i is nonzero for at least one % < 0, 
and the sum of all n a ^ is p. Let us substract the linear combination with the 
same coefficients of the products n^Loo Yl a eA + ( e o'[ e ''} QFSH ) na ' i t° an d call 
the resulting element x±. Then (x\ mod K) belongs to S ,p+1 [[Ln + ]]. We can repeat 
this procedure with xi, the number of steps is finite, because all elements of the 
sequence (xj) have the same degree (in the root lattice). 

This shows that for any x in (f/^Ln^ 1 *)" 1 , we can find y G U^Ln^ and an integer 
k > such that h~ k y G J2i<i< n reR e i[ r WnLn + and x—y belongs to H^nLn^) 1 - . It 
follows that (UhLn^) 1 - is equal to space of elements x of Un,Ln + such that for some 
integer I > 0, h!x belongs to J2i<i< n reR e i[ r }UnLn + ; in other words, x belongs to 
the smallest divisible submodule of UfiLn + containing Xa<j<n,re-R e * 
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Now, Yji<i<n,raR e A r } u hLxi + is equal to Y Ja eA + ,r&R e *l r ]UhLn + , which is a flat 
deformation of j2 a eA+,reR e a [r]ULn + by Thm. [□} It follows that J2i<i< n ,reR e A r } U n 
is a divisible submodule of UfrLn +1 and is therefore equal to (L^Ltl""*)- 1 . 

The same argument shows that (5^i<j< n re fl Gi[7']£/; i .LTi_|_)~'~ — UfiLw?^ . D 

Corollary 7.1. The spaces U^Lxf^ 1 and J2i<i< n reR UnLn^fi[r] are each other's 
annihilators for ( , )u h Ln±- 

8. The universal ^-matrices of (U h Q, A) and (U h Q, A) 

In this section, we construct the universal R- matrices of (UnQ, A) and {UnQ, A). 
These i?-matrices are products of the Cartan i?-matrix IZ^ with the canonical 
element F associated with the pairing between U}%Lx\. + and XJ%Lxk_. F belongs to 



a completion of Un,Ln + ® U^Ln-. We construct F in Section pTT] , and derive its 
properties and the i?-matrices in Section pT2| . 

8.1. Construction of F. In this section, we construct the element F. Let us 
set A = U H Ln + , B = U h Ln_, A out = U h Ln^ and B out = U h Lxe^. Then F is a 
product F 2 F int Fi, where F\ and _F 2 are "semiinfinite" elements in completions of 
A <g> B out and of A out ® B, and F in j is an "intermediate" element in A out ® B out . 
The elements F\, Fi nt and F 2 are determined by lifts ta and tb of the canonical 
maps A -> A in and 5 -> B in , where A in = C[[^]]® Aout A and 5 in = £<g> B <«.tC[[7i]], 
enjoying certain properties with respect to the coproduct. 

This section is organized as follows. We first define the completions in which 
we will work (Section |8.1.1| ). In Section |8.1.2| , we construct canonical elements 



of completions of A m ® B out and A out ® B m . In Section |8.1.3| , we construct the 
maps ta and r B . In Section |8.1.4| , we construct F 1 ,F int and F 2 . Finally (Section 
3.1.5), we show that the product F = F 2 F int Fi is the canonical element for the 



pairing between A and B. 

8.1.1. Completions. Let iffl (resp., i^f ) denote the left ideal of A (resp., B) 
generated by the ei[z l s ], i — 1, . . . , n, I > N (resp., by the fi[z l s ],i = 1, . . . , n, I > 
N). 

Define A m as the tensor product lim^fc(C[[/i]](8> J 4o tt iA)//l A: (C[[/l]]® J 4o U tA), where 
the left A ou *-module structure on C[[^]] is provided by the counit map. In the 
same way, define B m as the tensor product liuu_fc(£> ®b°^ C[[h]])/h k (B ®b°^ 
C[[7i]]). Let and be the canonical projection maps from A to A m and 
from B to B in . Let us set 

AA™) _ (A) , AA)\ t (B^) _ (B) ( T (B)s 
N ~ Pin l J 7V )i 1 N ~ Pin K 1 N )• 

As are Un,Ln±, the modules A out ,B m , etc., are graded by N n (recall that the 
degree of eje] is a, and the degree of /j[e] is — a{). Moreover, ( , )u h Ln± is a 
graded pairing. For M a (±N) n -graded module, and for a G (±N) n , we denote 
by M[a] the homogeneous component of M of degree a. 
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Proposition 8.1. For N a given integer, and a given in N n , the quotients 
(A m /I^ )[oc\ and (B m / iff ^)[— a] are finitely generated C[[h))- modules. 

Proof. We first prove: 

Lemma 8.1. For {3 G A + expressed as [3 = Y^=i n i(P) a i> ^ us se ^ deg(/3) = 
Y^i=i n i(P)j an d [oc] is the integral part of a. For x a rational number, let [x] 
denote the integral part of x. 

There exists an integer K and a family (ep[z l s })p e A + , S ES,iez (resp., (fp[z l s })p e A + ,seS,iez) 
of elements of A (resp., B) lifting {ep®z l s )p & A + ,seS,iez (resp., (fp®z l s )p e A + ,seS,iez), 
such thate p [z l s ] (resp., fp[z l s }) belongs to l[fj\ em] _ K (resp., l[y\ em] _ K )- 

Proof. The family (e ( g[^])^ e A + ,ses , ,/ez may be constructed as follows. For 
each (3 in A + , fix an expression ep = [e ai ,... , [e Q , o _ 1 , e aa ]\. Let us denote by 
l s the element of K, whose tth component is 5 st l. Then if < < \(3\, set 
e^fz^] = [e ai [l s ], . . . , [e ao _ 1 [l s ], e a<t [^]]]. Define Z s as the endomorphism of 
UnLx\— such that Z s (ei [</>]) = ej[z s 0]- Then ^[zf ] may be defined by the condi- 
tion that ep[zs +m ] = Z s (e [z^]) : for any N <E Z. The family (ep[z l s ]) p eA+ ,seS,iez 
is constructed in the same way. □ 

End of proof of the proposition. Let N Q be an integer such that Ylses z s !o< ^--[[ z s}} ^ 
A and let Ai, . . . , A& be elements of A such that their class in A/ (rises' z s ^--[[^s]]) 
is a basis of this space. Let ep[\i] (resp., fp[Xi}) be lifts to A (resp., B) of the 
Ep <g> Ai (resp., fp ® Ai). 

Let us define P M (resp., P M ) as the submodule of A m (resp., B m ) spanned 
by the products 

k n 

n n p^(MK)) k ^\ n n n p^c^d*^ m 

i=l /3eA+ Z=oosg5/3eA+ 



resp., 



^0 

n n p^(UM) k{i ' p \ n n n p^\u^) kM , m 

i=l /3eA+ l=oo sG5 /3eA+ 

where almost all exponents are zero and at least one of the k(l,s,/3) is nonzero 
when I > M. 

It follows from |l(| that A m (resp., B in ) is a topologically free C[ [ft]] -module, 
such that A in /hA in = ULn + ® ULn out C (resp., B in /hB in = ULxi- ® ULn °ut C). 
Therefore, the families ( (59|) (resp., fl60|)), where almost all exponents are zero, is a 

topological basis of A in (resp., B in ). Therefore (A in /l[f l) )[a] and [B in /J$f ">)[-«] 
are finitely generated C[ [ft]] -modules. Since for any N, there exists M such that 

I { f n) [a] D lif ] [a] & ndlf n \-a] D ijf B) [-or], and B^/I^P [-or] 

are finitely generated C[ [ft]] -modules. □ 
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Proposition 8.2. For any integers N and k > 0, and any a E N n , there exists 
an integer M(N } k, a) such that I^Jk a) l a ] c "* and 7j^(J k a \ [—a] C 

I { f n) [-a] + h k B. 

Proof. The proposition follows from the following statement. Let (A a ) be the 
sequence of elements of A given by Ai, . . . , Xk, (z^°) s£ s, (z^ 0+1 )ses, etc. It follows 
from their construction that the e^[A a ] satisfy the rules 

[ep[X a ], e 7 [A Q /]] E WA ° Ut I II II J (61) 

p>0 \eeA+ a">k(a,a',p) J 

and 

[fp[x a ], fvM\ ^j2 h \ n n fM i(t ' i) ) B ° ut i ( 62 ) 

p>0 \a">k{a,a',p) eGA + / 

where the indices k(a, a',p) are such that for a and p fixed, the functions a' i— ► 
k(a, a',p) and a' t— ► fc(a', a,p) tend to infinity with a'. □ 



8.1.2. Construction of F irijOUt and F out)in . It follows from Proposition |7.2| and 
Corollary [H] that ( , ) c/ ft Ln± induces nondegenerate pairings 

( , >™ M n : A out ® 5 m - C((ft)) and ( , ) in , out : A m ® 5°"' - C((ft)). 

Recall that S m is a topologically free C[[fr]]-module. Let us denote by (B m ) QFSH 
the image of B® FSH by the projection from B to £> m . Then (B tn ) QFSH is a topo- 
logically free C[[h}} module, such that (B m ) QFSH /h(B in )® FSH is isomorphic to 
the dual LN *« of ULn°^. 

Moreover, ( , ) ou t,i n induces a pairing A out x (B m ) QFSH — > C[[h]], whose re- 
duction modulo h is the duality pairing between ULn + and its dual, we can then 
modify the C[[^]]-module isomorphism of (B m ) QFSH with ([/Ln° u *)*[[/l]], so that 
the pairing between A out and B in is transported to the canonical pairing between 
ULxf^llh]] and its dual. 

The fact that it is contained in some (jjjf " } n(B in ) QFSH )[a] shows that (/jif^n 
(B m )® FSH )[a) is a cofinite submodule in (B in ) QFSH [a] (which means that the 
corresponding quotient is a finitely generated C[[ft]]-module). 

Lemma 8.2. Let V be a vector space with countable basis. There exists a unique 
element Fy in linu-ty ® (y*\\H\\jW\ where the inverse limit is over all 

cofinite submodules ofV*[[h]], such that for any £ E V* , (Fy,£ <8> id) is equal to 
the class of £ in \im^ w {V* [[h]]/W) and for any v E V[[h}}, (F v ,id®v) (which 
is well-defined because the h-adic valuation of (v, W) tends to infinity) is equal to 
v. 
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Proof. Let W be a cofinite submodule of V*[[7i]]. Set Wo = W mod h. Then 
Wq is a finite-co dimensional vector subspace of V*. It follows that Wq is a finite- 
dimensional subspace of V, such that the pairing between Wq and V* /Wq is 
nondegenerate. Then the class of F v in V[[H]) ® (V"*[[/i]]/W) is the image of the 
corresponding canonical element in Wq ® {V* /Wq). □ 

Let us denote by F outt i n [a] the canonical element of 



defined by the pairing ( , ) outt i n - Let also F int(mt be the canonical element of 

agP 5 



associated with ( , )i nfiU t- 

8.1.3. Construction of ta andr^. 

Lemma 8.3. There exists sections a a '■ A in A of the projection : A — > 
A m ; and a a '■ B m — ► £> of p in , such that for any integers N and k > and any 
a G N n , tnere erases an integer M(N,k,a) such that cr^ 1 (J^ 4 ' ) [a]) C I^Wka) ~^ 
h k A, and a- B \l^[a]) C 7^ a) + 

Proof. The family p^ (FCILo FLeA /aP^]"'' 1 '^) * s a topological basis of A m . 
Set 

oo oo 

^(p^di n ^w nM) ))=n n w*^ 

In the same way, set 

oo 

*b( P %\ii n w^))=cn n w™)- 

i=oo /3eA + i=0 /3GA+ 

cta and erg are then lifts of and p-f\ an d their continuity properties follows 
from Proposition |3.2| . □ 

Inclusion followed by multiplication induces isomorphisms %a '■ o~A{A in )®A out — > 
A and %b '■ B out ® o-b(B iu ) — > £>. Define linear maps : A — > A ou * and 
p£g : 5 - by 

P ( oit = (e ® ° *a* and = ® £ ) ° 

Lemma 8.4. (resp., pj^l) is a right (resp., left) A out -module (resp., B out - 
module) map, such that p^(l) = 1 (resp., pifi(l) = 1/ Moreover, for any inte- 
ger k > anda G N n ; inere exists an integer N(k, a) such that (p^)~ 1 (Ti k A out ) D 
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Proof. The first part of the lemma is clear. The continuity statement follows 
from estimates (|6l|) and fl62l). □ 

Out next step is the construction of maps ta and t b . In order to state their 
properties, we introduce maps A^ and Ab, which are modifications of the re- 
strictions of the coproducts A and A' to A and B. 

Let us denote by Un,i)+ (resp., Un,i)~) the subalgebra of UnQ+ (resp., Un,Q~) 
generated by D and the hi[r], i — 1, . . . , n, r G R (resp., by K and the hi[X], i = 
1, . . . ,n, A G A). Inclusion followed by multiplication induces a C[ [ft]] -module 
isomorphism i + : Un,i)+ <8> A — > UnQ+ (resp., z_ : Uffy- <g> B — > UhqJ). Let us 
denote by tia '■ UnQ+ — > A (resp., n B ■ UnQ- B) the composition (e id) o i+ l 
(resp., (e ® id) o iZ 1 ). 

Define 



and 



A -> limlim(A//^) <g> A/(ft fc ) 



A B :B^ limlimB ® (B/I^ ) )/(h k 

<^k < — N JV 



tjtji \ Z ji Z j'j 





as the compositions (tta <8> ic?) o A|j and (7Tb <8> «<i) o Aj B . For / a subset of 
{1, . . . , n}, let I denote its complement {1, . . . , n} — I. We have then 

Ax(iK(*i))= e f n * 

J 1 /C{1,...,JV} V- /./' 

and 

/ 

A s(II 4 Yl II %iiA z i'* z : 

3=1 /C{1,...,7V} \jel,j'el,j>j' 

There are unique automorphisms Sa of lim^Ar(A/ij^)/(ft fc ) and 5b of lim^fc 
lim^ A r(5//if ) )/(^) ) such that for any a e A, £ a«5 j4 (a( 2 )) = £ 5 A (a (1 V 2 ) = 
e(a)U and for any 6 G B, S B (b {2) ) = E Sb(& (1) )& (2) = eQ>)l B . If a = 

^niaj G N n , we have (S A )\A[ a ] = (-l) Ei ^^A[a] and (5b)|b[-«] = (-l) s<n *ids[-a]- 

The maps A^ and 5,4 (resp., Ab and S B ) are continuous with respect to the 

topology defined by the ijy (resp., /if''). 
The Hopf pairing rules then yield 

{ad, b) UhLn± = (a <g> a', A B (b)) v Ln m, and (a, bb') UhLn± = (A A (a), b <g> &% ftLn ®2, 

(6%) 

for any a, a' in A and 6, 6' in £>. 

For C any augmented algebra, we denote by Cq the kernel of its augmentation. 

It follows from the Hopf pairing rules and the fact the A out (resp., B out ) is a 
subalgebra of A (resp., B) that Aa{A™ 1 A) (resp., A b (BBq u1 )) is contained in the 
completion of A° ut A®A + A® A° ut A (resp., of BB° ut <g> B + A® BB° ut ). It follows 
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( A^ n \ 

that A A (resp., Ab) induces : A m -> lim^ fc lim^(A m / 1^ ') <g> 

A in /(h k ) (resp., A B in : B in -> lim^ fc lim^v £ in <g> (B in /I^ m) )/(h k )). 

Proposition 8.3. There exists a C[[h]]-linear map r A (resp., tb) from A m to 
A (resp., from B m to B), which is a section of the canonical projection p\^ : 
A — > A m (resp., p in : B — > B m j, suc/i /or any N,k,a, there exists 
M(N,k,a) such that TZ 1 ((lg ) +h h A)[a]) D {l[f^ Aa) +h k A in )[a], andr B 1 ((I { ^ ) + 

h k B)[-a}) D {I^MiNka) + ft fc -B in )[-a], a^d satisfying 



(64) 



£ (r A (0) = e(a in ), (id ® ^ } )A A (r A (a m )) = (r A ® *d)(A A ,,(a m )) 

/or any a m G A m ; and 

e(r B (6 m )) = e(b m ), {p { * ] ®id)A B (T B {b m )) = (id <g> r B )(A fli ™(6 in )) 
/or any 6 m G 5 m . 

Proof. Define r A as follows. Let j A be the composition (p^l ®p^) o A A ; j A in- 
duces a C[[/i]] -linear map from lhm_fc lim^Ar y 4/(-^^ 4 ' > + ^ fc ^4) to lim^_fc lim^_Ar A out <g> 

For any a in G o- A (A in ), let us set w(a in ) = EP^tV^X^Pi^X ™^); where 
A A (a) = aW g) a^ 2 ). p-^(-a7(a m )) = p^(a m ), therefore w is injective, so there 
is a unique bicontinuous isomorphism \i w : A ou ' (g A m — > A such that yU ro (a ou * (g> 
a m ) = a ou '-ci7(a m ). On the other hand, A A (A out ) is contained in the completion 

of A <g A ou ', so for any a ou * G A ou * and a G A, we have (id <g> pr^^o^o) = 
(a out (g l)A A (a m ). All this implies that the map j A has a continuous inverse, 
which is the unique map j^ 1 such that j A 1 (a OM< <8> a m ) = /i(l g) o~ A )/x~ 1 (a°"*a m ), 
where fi is the product map in A. 
For a m in A m , let us set 



r A (a m )=ji 1 (l®a m ). 
b ■ lim 

B out /{h k ) as (p^ } o A b , and for b m in E m , set 



In the same way, define js '■ linu-fc lim^N^B /P N '+H B) — ► liim_fc lirn<_jv(-B m /Jjv 



Ts(6 w )=Ji 1 (6 m ®l)- 



The first identity of (64) is clear. The coassociativity of A A implies that (id (g) 
A Ai „)oj A = (j A ®p^ } )oA A . Therefore, (j^ 1 ®zd)(zd®A A ™) = (id^p^^oA^o^ 1 . 
Restricting this identity to 1 (g A m yields the second identity of (|64T). □ 
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8.1.4. Construction of Fi,F int and F 2 . Let us set 

^1 = (ta ® id)(F iniOUt ), F 2 = (id ® r s )(F ouMn ). 

Then 

Fx G limlim(A/4 A) ) <g> B out /(h k ) and F 2 G lim lim A ou ' <g> (B / / (h k ). 

^k <— fe *— jV ' N 

Lemma 8.5. When b £ B, the valuation of (Ij^\b)u h Ln± tends to infinity with 
N. Therefore (Fi,b <8> id)u h Ln± is a well-defined element of B out . 

Let us set LTb(&) = (F\, b<g)id)u h Ln±- Then Ub is a linear map from B to B out , 
and it is a right B out -module map. We have IIb(1) = 1. 

In the same way, if we set for a G A, 11,4 (a) = (-^2, id ® a)u h Ln ± , then Ha is a 
linear map from A to A out , which is a right A out -module map such that ILa(1) = 1. 

Proof. This follows from the pairing rules fl63|) and the coproduct properties of 



t a and tb proved in Proposition |873| . □ 
Let us define 

A^ 2) : A -> limlim ((A/I^) <g> (A/I^) ® A/(ft fc ) 

Ag } : B limlim fs ® (B/4 B) ) ® (B/I^ ] )/(h k 

as the compositions (7T^ <S> 7Ta <8> id) ° (id <8> ^|a) ° A\a and (id <E> ttb <8> ttb) ° 
(id ® Aj B ) o Aj B . We have A^ 2) = (A A ® id) o A A = (id ® A A ) o A A and 

A^ } = (A B ® id) o A B = (id <g> A B ) o A B . 
For b in B, let us set 

0W(6) = ® id) UhLn± S B (bW)(F 2 ,b® id) 

where £>W <g> 6 {2) ® 6 (3) is Ag } (6). Then <T iri< is a linear map from B to 
linu_ fc lim^v B/(I ( * ] + fr fc 5). 

Lemma 8.6. (A ™ 1 ) 1 - is contained in the kernel of a- m t. 

Proof. Let us fix b in (A™ 1 )- 1 . It follows from Cor. |77l] that b is a sum of elements 
of the form b'fi[r], b' G B, r G R and i G {1, . . . , n}. One checks that A.B(&'/i[ r ]) 
can be written as a series A B (b')(f i [r} <g> 1) + £™ = i Er» 6 R £ 7 ( & ' 7 ® &7X 1 ® /<H), 
where 6' , G 5. The pairing of F 2 with the second factor of the latter sum is zero. 
Therefore, if we set A B (b') = J2 <g> b' (2 \ and since (F l ,b® id} UhLn± =U B (b), 

a mt (b) = ^n B ((6'( 1 )/ l [r])«)^((6 ,(1) / i M) (2) )(^,&' (2) ® id)^. 

it follows from the explicit form of A# and S B that (id ® Sb) ° A73(6' < - 1 - ) /j[r]) = 
E(^ /(1) /,M) (1) ® ^((^/iM)^) is the sum of a series £\ e{1 ,... „ } £ Q a»a/i[r«] ® 
— aj Q ,®/i[r Q ,]&j a , where and &i a belong to B. Since Us is a right £? 011 *-module 
map, ai n t (b) = 0. □ 
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Lemma 8.7. B out injects into lim^fc lim^jv B/{P N ' + h k B). The annihilator 

°f Y^4=i Srefi [ r ] ^ n nm ^fc lim^iv B/{In + h, k B) for the pairing induced by 
( , ) UhLn± is B«*. 

Proof. More generally, let us show that B injects into linu_fc lim«_7v B/(I N + 
h k B). This means that C\k,N{I^ + h k B) = 0. Let x belong to this intersection. 
For any a E A, the ft-adic valuation of (a, /j^ + h k B) UhLn± tends to infinity with 
k and N. Therefore (a,x)u h L n ± vanishes, and since ( , )u h Ln± is nondegenerate, 
x is zero. 

The inverse limit lhm_fc lim^jv Bj [l N +h B) injects into Homc[[s]] (A, C[(h))), 
therefore it is torsion-free. Therefore it is a topologically free module, with asso- 
ciated vector space linu-jv ULxi-/ Yui=i J2 s es k>N ULxi-fi[z k }. The annihilator of 
Ln out in this space is XJLxv mt . The lemma follows. □ 



Lemma 8.8. The image of a tnt is contained in B out . 

Proof. Let us fix a, b in A and B, i in {1, . . . , n} and r in R. As in Lemma 
|8lj| , the fact that Ua is a left y4 out -module map implies that (ae^r], c mt {b))u h Ln ± 
is zero. So the image of a mt is contained in the annihilator of Ym=\ J2 r eR Aei[r). 
The lemma then follows from Lemma |S.7| . □ 



It follows from Lemmas 8.6 and 3.8 that o int induces a map o~i nt from B m to 



B out . Moreover, <ji n t is continuous in the following sense: for any integer k > and 



any a in N n , there exists an integer N(k, a) such that a ir ^(h k B out ) D I^, k |— n 



It follows that if we set 

F Lt = (id® (Tim) {Fwt 



F[ nt belongs to fLeW" hm_ fc (A ou *[a] <g> B^-a])//^ "*^] <g> B out [-a\). More- 
over, the bidegree (0, 0) component of F( nt is equal to 1 <g> 1. Since A out and 
B out are graded algebras, the series F int = ^2i> (—l) 1 (F{ nt — 1 <8> 1)* belongs to 
n^lim^^fo;] ® 5 ou '[-a])/n fc (v4°"'[a] ®~5 ou '[-a]). We have F mt F' mt = 
F! F * = 1 



8.1.5. Definition and pairing properties of F. For any homogeneous elements a, 6 
in A and S of degrees \a\, \b\, for any integers N and > 0, and for any a in N n , 
there exists integers M(N, k, a, a) and M(N, k, b, a) such that 

It follows that 

J] limhm((A/4 A) )H ® (5//if ) )[-a])/(^) (65) 

q6N™ 
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has an algebra structure. Moreover, IIcken™ linu_fc(^4 ou *[a!] Cg> B out [— \a])/(h k ) is a 
subalgebra of Q65|) . Let us set 

F = F 2 F int Fi. 

Then F belongs to the algebra (|65|) . 

For any element of the algebra (^), and any elements a, b of A and 5 , (0, 6(g) 
id)u h L-a± is a well-defined element of lim^lim^jv^^^-B/^if + and 
(0, id®a) UhLn± is a well-defined element of lim^ fc lim^v ^ _deg( - a M/ (I^f > +h h A) [\a\] 
(deg(a) and deg(6) are the principal degrees of a and b, defined as deg(a) = J2i n i 
if \a\ = Y.i n i a i and deg(6) = ~Y.i m i if \ b \ = ~Y<i m i®i)- 

Proposition 8.4. For any elements a of A and b of B, we have 
(F, id <g> a) UhLn± = a and (F, b <g> id) UhLn± = b. 

Proof. Let us prove the second equality Since Sb is the only linear endomor- 
phism of B satisfying the identity Ssi^ 2 ') = s(b), and by the Hopf pairing 

rules, this equality is equivalent to 

V&G B, (F-\b®id) UhLn± = S B {b). 

(F-\ b®id) UhLn± is equal to £(Ff \ b^®id) UhLn± (F( nt , ®id) UhLn± {F 2 1 , 6 (3) ® 
id)u h Ln ± - Since (Fl nt ,b <S> id)u h Ln ± is equal to o~i n t(b), the definition of o- int and 
the pairing rules (|63]) imply that this is >Sb(&). The proof of the first identity is 
similar. □ 

Remark 5. Assume that A is a ^-invariant subalgebra of /C. This is the case if 
C = CP 1 , uj = dz and S = So U {oo}, where Sq is a finite subset of C. Then 
if we set z s = z — s for s G So and z^ = z~ l , so /C = ELes,, C((z s )) x C((z 0o )), 

= C[z, s G So] and we may set A = Yl seSo C[[z s }} x ZqoC^oo]]. 

Then n± ® A is a Lie subalgebra of Ln± = n± <E> /C. Let us denote by A A (resp., 
£>a) the subalgebra of A (resp., of B) generated by the ej[A], i G {1, . . . , n}, A G A 
(resp., the /i[A],z G {1, . . . ,n}, A G A). Then A^ C A (resp., 5a C 5) is a flat 
deformation of the inclusion C/(n± ® A) C ULn±. 

The restriction of to A\ (resp., of p\^ to B\) induces an isomorphism 
from A\ to A m (resp., from B\ to B m ). We may choose a a and <tb to be the 
corresponding inverse maps. 

Then F int equals 1, so F = F2-Pi- In that case, p^j. = IT a and p^j = IL3. So 
Fi is the Hopf twist relating Drinfeld's coproduct and the usual coproduct of the 
Yangian algebra (the latter coproduct is defined in terms of L-operators, in the 
case a = sl n ). This can be proved using the arguments of f| (there we treated 
the case a = sl 2 and S = {oo}). 



Remark 6. In |12|], Khoroshkin and Tolstoy expressed F\ and F 2 in terms of 

dz 

z 



the generators of the algebras Ufj,Ln±, in the case C = CP 1 , uj = — . In the 
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particular case a = SI2, Khoroshkin and Pakuliak also showed the commutativity 
of the families /+ = res z=0 (e+(;z) ® f"(z)) n f and I~ = res 2=0 (e-(z) ® /+(z)) n f , 
where x + (z) = J2 n>0 x[z n ]z~ n and x~(z) = J2 n <o x\z n \z~ n for x G {e, /}, and 
they expressed Fx and F 2 as series in the 7*. 

8.2. The i?-matrices. In this section, we express the i?-matrices 7Z and TZ 
of (UfiQ, A) and {U%Q, A). We then show properties on the ft-adic valuation of 
F, Fx, F 2 and prove that F satisfies a Hopf cocycle property. 

Let us set U = U^g and define U + (resp., LL) as the Radically complete subal- 
gebraof U generated by K, D, hi[e],ei[e] (resp., K, D, hi[e], fi[e]), i G {1, . . . , n}, e G 
K. 

Recall that 1Z^ belongs to the algebra lhm_ fc ]hn^ N (U + [0]®{U-/U-nl N )[0])/{h k ). 
On the other hand, F belongs to 

lim TT lim(E/+/l7 + n I N )[a] <g> (E7_/17_ n J w )[-a]/(/i fc ); (66) 

multiplication induces on ( |5"6D the structure of a left module over lim^ liuu_jv(?7 + [0]c 
(U-/U- n Ijv)[0])/(n fc ), therefore the product 

iz = n h F 

is a well-defined element of flBlf ). In fact, 7£ even belongs to 

lim TT lim^ 0+ /(^ 0+ n I N )[a] ® U h g^/(U h Q- H /jv)[-a]/(^), 

<— fe -*- -*- <— N 

ct6N n 

and the Hopf pairing rules imply that it satisfies the identities 

(1Z, id <g> a) UhS± = a, (1Z, b <g> id) UhS± = b (67) 

for a in £7^0+ and b in £7^g_. 

Recall that A and A' both map U± to 

limlimrj ± /(C/ ± n I N ) <g> £/±/(£/± n i N )/{h k ). 

<^k *—N 

On the other hand, the multiplication map of induces an algebra structure 

on 

lim J] C/ + /(C/ + n I N ){(3] ® U/I N [a - (3]/(h k ). (68) 



Then the identities (p7f ) imply that for x G £/+, the equality 

IZA(x) = A'(x)1Z (69) 
takes place in (|68|). The identitites ( |6T[) also imply that the equalities 

(A ® ^) (re) = re (13) 7e (23) , (id <g> a) (re) = re (13) 7e (12) (70) 

hold in 

lim II hm(f/ + /t/ + n/^)[a]®(f/_/[/_n^)[-/3]®(f/_/t/_n/ A r)[- 7 ]/(n fc ) 

aEN" /3,7GN ri |/3+7=Q 
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and in 

Hm J] ihn(f/ + /f/ + n^)[/3]®(t/ + /[/ + n/^)[ 7 ]®(f/-/f/-n/ J v)[-a]/(n fc ). 

aeN' 1 /3, 7 eN"|/3+7=Q 

In [|J, Section 2.1, we proved a statement of Drinfeld on the form of the i?-matrix 
for quantized Kac- Moody algebras (IJ). The same argument, together with (|69|) 
and (ffOD, implies that F has the following form. 

Proposition 8.5. For any a in W , let us denote by F a the bidegree (a, —a) 
part of F. There is a unique integer k such that a belongs to k(A + U {0}) \ 
{k — 1)(A + U {0}) ; which we denote £(a). Then F a belongs to the completion of 
h i( - a \A[a] <8> B[— ct\), and h~ e ^F a mod h is equal to 

The properties of Ijq imply that liim_ fc \im^ N (U/I^) ® (U/In)/ \h k ) has an 
algebra structure. Then it follows from Proposition |T5] that 

Corollary 8.1. F and F' 1 belong to lim^ k \im^ N (A/I^ ) )®(B/I ( I f ) )/(h k ). There- 
fore (as does TZ^), F, 1Z and their inverses belong to lim^fclim^Ar(f///jv) <g> 

(u/i N )/(h k ). 

It follows that the identities (|70|) take place in lim^ fc \im^ N (U/I N )® 3 /(h k ), 
and the identity A'(x) = 1ZA(x)1Z- 1 holds in lim^ fc \im^ N (U/I N ) m /{h k ), for 
any x G U. 

Moreover, one checks that 7Z^ is a Hopf twist connecting A and A'; more 
precisely, we have the identities 

A' (a;) = n^A{x)n^ and 1Z { ^ 2) (A <g> id){TZ^) = 1Z { ^ ] {id g> A)(7^) 

in \im^ k \im^ N (U/I N )® 2 /(H k ) and lim^ fc \im^ N (U/ I N )® 3 /(h k ), for any x G U. 
Since the quasitriangular identities mean that 7Z is a Hopf twist connecting A 
and A', we get (as in ||): 

Proposition 8.6. F is a Hopf twist connecting A and A, which means that the 
identities 

A(x) = FA{x)F~ 1 and F (12) (A <g> id)(F) = F {23 \id ® A)(F) 

(71) 

hold in lim^ k lim^ N (U/I N )® 2 /(h k ) and in lim^ k lim^ N (U/I N )® 3 /(h k ), for any 
x G U. 

Corollary 8.2. F x and F^ 1 belong to lim^ fc \im^ N (A/ 1^) ® B out /(h k ); F 2 and 
F^ 1 belong to \im^ k \im^ N A out <g> {B / 1^) / {h k ) . 
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Proof. It follows from the definition of F and from the fact that Fi nt belongs to 
liim_ fe n QeN „ A out [a] <8> B out [-a]/(h k ) that F out ' in = (id <g> p [ ^ ] )(F) and F in > out = 
(Pin* ®id) (F) . Since preserves the degree, the ft-adic valuation of the bidegree 
(a, —a) part of F ou * ,m tends to infinity with a. It follows that the same is true for 
F 2 , therefore F 2 belongs to lim«_ fc lim^jv A ou *®(B/I% l) )/(h k ). Since the bidegree 
(a, —a) part of F 2 is 1 <E> 1 if ot = and has positive valuation else, F 2 _1 belongs 
to the same completion. The argument is the same in the case of F 1 . □ 

Remark 7. The F-matrix of (Uf^, A) is then ft = F (21) ft[,. 

9. QUASI-HOPF STRUCTURES ON £4g AND t/ftfl "' 

In this section, we will denote U h Q out by U out . Let us set F 2 = F 2 F int . Then 

F = F 2 Fi, 

with Fi, Ff 1 G limlim(f/// iV )®f/ otl 7(/i fc ), and F^F-f 1 e limlimf/ ou '®(f/// 7V )/(^). 
Let us set, for x in U, 

A out (x) = F 1 A(x)F 1 - 1 . 
Proposition 9.1. A out is an algebra morphism from U to lim < _fe(C/ ® U)/(h k ). 
Proof. Since A maps [/ to 

U®<U = \im\im(U/I N ) <g> 

A out is an algebra morphism from U to U ®< £/. For any integer fc, the inter- 
section n;v>o(-^v + h k U) is reduced to h k U, therefore U <S>< U is a subalgebra of 
linu-£: lim < _Ar(f/// A r) ® (£//Fv) / . Moreover, for any x in U, the identity 

A out (x) = F^h(x)F 2 

takes place in the latter algebra. Since the right side of this identity belongs to 
U Cg>> U = lim^_ fc lim^Ar U <S> (t//Fv)/(/i fc ), A out takes values in the intersection 
(U ® < U) fl (U (g>> U); since for any integer k, the intersection C\n>o(In + h k U) 
is reduced to h k U, this intersection is lirm_ fc (£7 <8> U)/(h k ). □ 

Proposition 9.2. A out (U out ) is contained in \im^ k (U out <g> U out )/(h k ), therefore 
A out induces an algebra morphism from U out to \im^ k (U out ® U out )/(h k ). 

Proof. We have A(U out ) C liim_ fc \xm^ N (U/I N ) ® U out /(h k ), and A(U out ) C 
lim^A lim^A? £/ ou ' ® (U / 1 jv) / \h k ) . Therefore, A out (U out ) is contained in the inter- 
section of lim^fe lim^ N (U/I N ) ® U out /(h k ) and lim^ fc lim^ U out ® (U/I N )/(h k ), 
which is lim^ k (U out <g> U out ) /(h k ). □ 



Let us set 



$ = Fi 23 \id <g> A)(Fi) (f x (12) (A <g> ' . 
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Proposition 9.3. <£> belongs to lim t _fe(C/ ou *)® 3 /(/i fc ) ; and even to lim^ A out £g> 
U out ® B out /(h k ). 

Proof. The argument is the same as in |J. By its definition, $ belongs to 
\im^ k \im^ N (U/I N ) m ®B out /(h k ). Since F satisfies the cocycle identity (0), we 
have the equality 

in lim^ fc lim^Ety/^)® 3 /^*). Therefore $ belongs to lim<_ fc lim<_jv A out ®(U / I N )® 2 / (h k ). 
We can again write $ as 

$ = ((id ® A^) (Fx)) (F- X )( 23 )F( 23 )(A ® zd)(F-!)(A ® ^(F^Ff 1 ^ 12 ), 

which shows that it belongs to lim^ fc \\m^ N (U / I N )®(U out (U h Q + / (U h Q + nl N ))U out )<& 
{U/I N )/{H k ), and as 

$ = (F^Y 23 \id ® A)(Fx)(zd ® A)(F- X )F( 12 )(A ® id)(F 2 )(F 1 - 1 )( 12 ), 

which shows that it belongs to linu- fe \\m^ N (U / I N )®(U ou \U h Q^/ (U h Q^nl N ))U out )<& 
{U / 1 n) / {h k ) . The result now follows from the fact that the intersection of 
liim_ fc lmw U out {U h Q + /{U h Q + nl N ))U° ut /{h k ) and lim^ lmw U out {U h Q_/{U h Q^ 
I N ))U out /(h k ) is reduced to U out . □ 

Let us set u out = m(id ® S)(F), and S out (x) = u out S(x)u~^ t . Then S out is an 
algebra morphism from U to lim^ lim < _^(i7//jv) / (ft fc ). The proof of ||, Theorem 
6.1, shows that S ou t is an algebra automorphism of U, which restricts to an algebra 
automorphism of U out . Then 

Theorem 9.1. The algebra U , endowed with the coproduct A out , the associator 
*&<mt, the counit e, the antipode S ou t and the R-matrix 

n out = (F{ l )^K h F 2 , 

is a quasitriangular quasi-Hopf algebra. U out is a sub-quasi-Hopf algebra of U . 
Moreover, 1Z out belongs to linu- fc huu-jv U out <g> (U / '1 at) / '(h k ) . 



Appendix A. Proof of Lemma 3.1 



To show Lemma |3.1| , we will prove the following statements: 

1) if (a, . . . , /?') satisfies conditions (^) and ([<]), then the first product of ( |T2] ) 
vanishes if we substitute z = q~ d W\, 

2) if (a,... , /?') satisfies conditions (pp and (9), then the second product of 
fll2"|) vanishes when we substitute z = q w 2 ; 

3) if (a,... , P') satisfies conditions (|T0) and QTTp , then the third product of 
(JT2]) vanishes when we substitute W\ = q^W2- 
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A. 0.1. Proof of 1) (sufficient conditions for regularity at z = q~ 9 wi). 1) means 
that 

a(q~ d w 1 ,w 1 , w 2 )q- 2 {q~ d w u w 2 )q i (w 1 ,w 2 ) (72) 
+ a'(q~ 9 w 1 , wx, w 2 )q- 2 (q~ 9 w 1 , w 2 ) + f3'(q~ 9 w 1 ,w 1 , w 2 ) = 0. 

We have 

q^ 2 {q" 9 z,w) =exp ~ 9 <T 8 A a (g>r a ) exp ({q- 9 ® id)r_i) 



v a>0 



= exp f A a ® r Q J exp ((g~ 9 <g> id)r_i) , 

therefore 

q- 2 (q~ 9 z, w) = u{z, w) + v(z, w)G ( - 21 \z, w), 

where 

u{z,w) = exp ((q~ 9 <g> z*rf)r_i) exp (-0(-2ft, 7, 9 Z )) 
17(2, iy) = — u(z, w)ij}(— 2h, 7, (9 2 )(z, tu). 
On the other hand, 

q- 2 (q~ 9 z, w)q 4 (z, w) 



= exp 
exp(r 2 )0,w 



£ ^ A a ® r a exp ((g- 9 ® id)^) exp ]T ^ ^~A Q ® r Q 

a>0 / \a>0 



g 2S — 1 

= exp J ^ — - — A Q <g> r a J exp (r 2 + <8> id)r_i) (z, iu), 

\a>0 / 

therefore 

Q~2{q~ d z, w)q A (z, w) = {v! + w'G (21) ) (z, iw), 

where 

w' = exp (r 2 + (<T° <8> id)r_i) exp (-<p(2h, 7, ^7, ...)), v ' = -u'ip(2h, 7, <9 Z 7, . . . ). 
To satisfy (72), we impose the conditions 

a/l3\q~ d wi, wi, w 2 )u'(w\, w 2 ) + a //3'(q~ 9 wi, w x , w 2 )u(wi, w 2 ) + 1 = 0, 

a/f3'(q~ 9 w 1 ,w 1 ,w 2 )v'(w l ,w 2 ) + a' / /3'(q' 9 w l ,w ll w 2 )v(w l ,w 2 ) = 0, 
which give 

«/ 'i3'(q~ Wi,w 1 ,w 2 ) = — -(w u w 2 ), a' / f3'{q~ 9 Wi,wx,w 2 ) = — ; — (w h w 2 ), 

u'v — uv' uv 1 — u'v 



that is (§) and (0). 
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A. 0.2. Proof of 2) (regularity at z = q~ 9 w 2 )- 2) means that 

a(q~ 9 w 2 , wi, w 2 )q-2(q~ d W2, w 1 )q 4 (w 1 ,w 2 ) + f3(q~ 9 w 2 , w 1 ,w 2 )q4(w 1 , w 2 ) 
+ a'(q~ 9 w 2 , w 1 ,w 2 )q- 2 (q~ 9 W2, Wi) = 0, 
in other terms 

a(q~ 9 w 2 , w 1 ,w 2 )q- 2 (q~ d w 2 , Wi) + p(q~ 9 w 2 , w u w 2 ) (73) 
+ a'(q~ 9 w 2 , wi, w 2 )q-2(q~ d W2, w 1 )q 4 (w 1 ,w 2 )~ 1 = 0. 

We have 

g_ 2 (g~ a u> 2 , u>i) = u(w 2 , + v(w 2 , wi)G(w u w 2 ), 

and 

q- 2 (q~ d W2, wi)q 4 (wi, W2Y 1 = q-2(q~ 9 W2,w 1 )q 4 (w 2 ,w 1 ) = 

( -8 _ 8 \ / 28 _ -28 

d q~ 9x * ® r<x ex p ® id ) T -^) ex p Yl — if — Xa rC 
a>0 / \a>0 

exp(r 2 )(w 2 , wi) 

(g 2a — 1 \ 
Y Q ^ a ® r " ) ( W2 ' Wl ) 
a>0 / 

exp (r 2 + (q- 9 <g> id)r_i) exp(-0(2ft)) (l - G (21 ty(2ft)) ( w 2, Wi). 
We have therefore 

q- 2 (q~ 9 w 2 , wi) = /(wi, iy 2 ) + m(wi, w 2 )G (21) (wi, w 2 ), 

g_ 2 (g" 9 w 2 ,wi)g 4 (wi,w 2 ) _1 = Z'(wi,w 2 ) + m'(wi, w 2 )G (21) (wi, w 2 ), 

with 

l(w 1 ,w 2 ) = u(w 2 ,w 1 ), m(w 1 ,w 2 ) = -v(w 2 ,w 1 ) = -lif}(-2h)^(wi,w 2 ), 

and 

l'(w 1 ,w 2 ) = exp (r 2 + (q~ 9 ® id)r_i) exp(-0(2/t))(w 2 , 

m > (w 1 ,w 2 ) = l'(wi,w 2 )ip(2H)(w 2 ,w 1 ). 
Then (73) is satisfied if we impose 

a(g~ a u> 2 , wi, w 2 )l(wi, w 2 ) + a'(q~ 9 w 2 , wi, w 2 )l'(w 1 ,w 2 ) + l3(q~ 9 w 2 , w 1 ,w 2 ) = 0, 
a(g~ a w 2 , wi, w 2 )m(w 1 ,w 2 ) + a'(q~ 9 w 2 , w 1 ,w 2 )m'(wi, w 2 ) = 0, 

so that 

IR( - 9 \ m ' < \ 1 V>(2ft)< 21 > \ 
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and 

a'/(3(q- d w 2 ,w u w 2 ) = -—r, j—(w u w 2 ) 



ml' — Ira' 
1 ^(_2^, 7 ,...)( 21 ) 



-{wi,w 2 ), 



I' 1>(2h, 7, ■ ■ • )( 21 ) - i>(-2H, 7, • ■ • )( 21 ) 
that is © and (9). 

A. 0.3. Regularity at w\ = q 2d w 2 . 3) means that 

a(z, q 2d w 2 , w 2 )q_ 2 (z, q 29 w 2 )q„ 2 (z, w 2 )+j3{z ) q 29 w 2 , w 2 )q^ 2 (z, u? 2 )+ 7 (2, Q 29 w 2 , w 2 ) = 0, 
which we write as 

a(z, q 39 w 2 , q 9 w 2 )q_ 2 (z, q 39 w 2 )q„ 2 (z, q 9 w 2 ) (74) 
+ f3(z, q 39 w 2} q 9 w 2 )q. 2 {z, q d w 2 ) + 7 (z, q 39 w 2} q 9 w 2 ) = 0. 

We have 

q- 2 (z,q 9 w 2 ) = q^ 2 (q 9 w 2 ,z)~ l 



= exp(J^ — - — A Q g> r a ) exp (-(q 9 g> id)(r_i)) (iu 2 , z) 

= exp (-(/ ® id)(r_i)) exp(-0(2fi))(l - G (21 V(2fr))(w 2 , 2), 

and 

q- 2 (z,q 39 w 2 )q- 2 (z,q 9 w 2 ) = q- 2 (q 39 w 2 , z)~ 1 q- 2 (q 9 w 2 , z)' 1 
q 49 — 1 

= exp(^ 7j A Q g> r Q ) exp (-(q 39 + q 9 ) ® id(r_i)) (iu 2 , «) 
«>o 

= exp (-(g 3e + g a ) ® id(r_i)) exp(-0(4^))(l - G {21) ^{4h)){w 2 , z). 
Therefore 

q- 2 (z, q 9 w 2 ) = r(z, w 2 ) + s(z, w 2 )G(z, w 2 ), 
q- 2 (z, q 39 w 2 )q- 2 (z, q 9 w 2 ) = r'(z, w 2 ) + s'(z, w 2 )G(z, w 2 ), 

with 

r(z,w 2 ) = exp (-(q 9 <g> «d)(r_i)) exp(-0(2ft))(it7 2 , z), 
r'(z, iu 2 ) = exp (-(g 3a + g a ) <8> id(r_ x )) exp (-0(4ft)) (w 2 , z), 
s(z,w 2 ) = r^(2h) {21) (z,w 2 ), s' = r'^(4h) {21) (z,w 2 ), 
so (74) is fulfilled if a, (3 and 7 satisfy the following conditions: 

a(z, q 39 w 2 , q 9 w 2 )r'(z, w 2 ) + /3(z, q 39 w 2 , q 9 w 2 )r(z, w 2 ) + j(z, q 39 w 2 , q 9 w 2 ) = 0, 
a(z, q 39 w 2} q 9 w 2 )s'(z, w 2 ) + f3(z, q 39 w 2 , q 9 w 2 )s(z, w 2 ) = 0, 

so that 

a/(3(z,q 39 w 2} q 9 w 2 ) = —s/s'(z,w 2 ) 
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and 



-f/(3(z,q 3d w 2 ,q a w 2 ) 



r s — rs 



8> 



that is (JTH) and ( O ) . This ends the proof of Lemma |3.1| . 



□ 
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